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Abstract. We define Hopf monads on an arbitrary monoidal category, ex- 
tending the definition given in IBV07| for monoidal categories with duals. A 
Hopf monad is a bimonad (or opmonoidal monad) whose fusion operators 
are invertiblc. This definition can be formulated in terms of Hopf adjunc- 
tions, which are comonoidal adjunctions with an invertibility condition. On a 
monoidal category with internal Homs, a Hopf monad is a bimonad admitting 
a left and a right antipode. 

Hopf monads generalize Hopf algebras to the non-braided setting. They 
also generalize Hopf algebroids (which are linear Hopf monads on a category of 
bimodules admitting a right adjoint). We show that any finite tensor category 
is the category of finite-dimensional modules over a Hopf algebroid. 

Any Hopf algebra in the center of a monoidal category C gives rise to a Hopf 
monad on C. The Hopf monads so obtained are exactly the augmented Hopf 
monads. More generally if a Hopf monad T is a retract of a Hopf monad P, 
then P is a cross product of T by a Hopf algebra of the center of the category 
of T- modules (generalizing the Radford-Majid bosonization of Hopf algebras). 

We show that the comonoidal comonad of a Hopf adjunction is canonically 
represented by a cocommutativc central coalgebra. As a corollary, we obtain an 
extension of Sweedler's Hopf module decomposition theorem to Hopf monads 
(in fact to the weaker notion of pre- Hopf monad). 
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Introduction 

Hopf monads on autonomous categories (that is, monoidal categories with du- 
als) were introduced in |BV07| as a tool for understanding and comparing quantum 
invariants of 3 manifolds, namely the Reshetikhin-Turaev invariant associated with 
a modular category and the Turaev-Viro invariant associated with a spherical cat- 
egory (as revisited by Barrett- Westbury) . 

In this paper we extend the notion of Hopf monad to any monoidal category. 
Hopf monads generalize classical Hopf algebras, as well as Hopf algebras in a braided 
category. Hopf algebras are bialgebras with an extra condition: the existence of an 
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invertible antipode. Similarly, one expects Hopf monads to be bimonads satisfying 
some extra condition. 

The concept of bimonad (also called opmonoidal monad) was introduced by 
Moerdijk in ^Moe02pl . Recall that if T is a monad on a category C, then one defines a 
category of T- modules in C (often called T- algebras) . A bimonad on a monoidal 
category C is a monad on C such that C"^ is monoidal and the forgetful functor 
Ut ■ ^> C is strict monoidal. This means that T is a comonoidal monad: it comes 
with a coassociative natural transformation T2{X, Y) : T{X ® F) — > TX (g) TY and 
a counit Tq : Tl 1. For example, a bialgebra A in a braided category B gives 
rise to bimonads A^7 and ? ® A on B. More generally, bialgebroids in the sense 
of Takeuchi are also examples of bimonads. More generally still, any comonoidal 
adjunction defines a bimonad, so that bimonads exist in many settings. 

The 'extra condition' a bimonad should satisfy in order to deserve the title of 
Hopf monad is not obvious, as there is no straightforward generalization of the 
notion of antipode to the monoidal setting. When C is autonomous, according 
to Tannaka theory, one expects that a bimonad T be Hopf if and only if is 
autonomous. This turns out to be equivalent to the existence of a left antipode 
and a right antipode, which are natural transformations : T{^T(X)) — >■ and 

: T(T(X)^) — >■ X^. That was precisely the definition of a Hopf monad given 
in |BV07) . While it is satisfactory for applications to quantum topology, as the 
categories involved are autonomous, this definition has some drawbacks for other 
applications: for instance, it doesn't encompass infinite-dimensional Hopf alge- 
bras since the category of vector spaces of arbitrary dimension is not autonomous. 
Therefore one is prompted to ask several questions: 

• What are Hopf monads on arbitrary monoidal categories? 

• What are Hopf monads on closed monoidal categories (with internal Homs)? 

• Is it possible to characterize Hopf monads obtained from Hopf algebras? 

• Can one extend classical results of the theory of Hopf algebras to Hopf 
monads on monoidal categories? 

• When does a bialgebroid define a Hopf monad? 

The aim of this paper is to answer these questions. 

In Section [2j we define Hopf monads on an arbitrary monoidal category. Our 
definition is inspired by the fact that a bialgebra A is a Hopf algebra if and only if 
its fusion morphisms H\H^ : Aigi A ^ A® A, defined by H^{x ® y) = x'-^-' ® x'^^-'y 
and H^{x ® y) — x^^'^y ® x^^\ are invertible. If T is a bimonad, we introduce the 
fusion operators and -ff'', which are natural transformations 

Hx.Y = {TX ® iiy)T2{X, TY) : T{X ® TY) -^TX® TY, 
Hx,Y = (Px «) TY)T2{TX, Y) : T{TX (g>Y)^TX(g) TY, 

and decree that T is a Hopf monad if iJ' and are invertible. We also introduce 
the related notion of Hopf adjunction. The monad of a Hopf adjunction is a Hopf 
monad, and a bimonad is a Hopf monad if and only if its adjunction is a Hopf 
adjunction. It turns out that certain classical results on Hopf algebras extend nat- 
urally to Hopf monads (or more generally to pre-Hopf monads), such as Maschke's 
semisimplicity criterion and Sweedler's theorem on the structure of Hopf modules 
(see Section [S]). 

In Section[21 we study Hopf monads on closed monoidal categories. Hopf monads 
on such categories can be characterized, as in the autonomous case, in categorical 
terms and also in terms of antipodes. More precisely, let T be a bimonad on a 



"'^Bimonads were introduced in IMoe02l under the name 'Hopf monads', which we prefer to 
reserve for bimonads with antipodes by analogy with Hopf algebras. 
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closed monoidal category C, that is, a monoidal category with internal Horns. We 
show that T is a Hopf monad if and only if its category of modules C"^ is closed and 
the forgetful functor Ut preserves internal Homs. Also T is a Hopf monad if and 
only if it admits a left antipode and right antipode, that is, natural transformations 
in two variables: 

s^x,Y-T [TX, ^[X.TYY and s^^ _y : T [TX, Y] ^ [X, TY] 

where [—,—]' and [—,—]'' denote the left and right internal Homs, each of them 
satisfying two axioms as expected. The proof of these results relies on a classification 
of adjunction liftings. In the special case where C is autonomous, we show that the 
definition of a Hopf monad given in this paper specializes to the one given in |BV07| . 
In the special case where C is ^-autonomous (and so monoidal closed), a Hopf monad 
in the sense of |DS04) is a Hopf monad in our sense (but the converse is not true) . 

In Section [3 we study the relations between Hopf algebras and Hopf monads. 
Given a lax central bialgebra of a monoidal category C, that is, a bialgebra A in the 
lax center Z^^'^(C) of C, with la>0 half-braiding cr: A®! — ® A, the endofunctor 
of C is a bimonad, denoted by A®^'^ on C. This bimonad is augmented, that 
is, endowed with a bimonad morphism A®fjl ^> Iq. It is a Hopf monad if and only 
if j4 is a Hopf algebra in the center Z{C) of C. The main result of the section is that 
this construction defines an equivalence of categories between central Hopf algebras 
of C (that is, Hopf algebras in the center Z(C)) and augmented Hopf monads on C. 
More generally, given a Hopf monad T on C and a central Hopf algebra (A, a) of 
the category of T- modules, we construct a Hopf monad A Xo- T on C of which T 
is a retract. Conversely, under suitable exactness conditions (involving reflexive 
coequalizers), any Hopf monad P of which T is a retract is of the form kyi^T. The 
proof of this result is based on two general constructions involving Hopf monads: 
the cross product and the cross quotient, which are studied in Sectional 

In Section [51 we show that the comonoidal comonad of a pre- Hopf adjunction is 
canonically represented by a cocommutative central coalgebra. Combining this with 
a descent result for monads, we obtain a generalization of Sweedler's Hopf module 
decomposition theorem to Hopf monads (in fact to pre- Hopf monads). We study 
the close relationships between Hopf adjunctions, Hopf monads, and cocommutative 
central coalgebras. 

Finally, in Section[71 we study bialgebroids which, according to Szlachanyi |Szl03] , 
are linear bimonads on categories of bimodules admitting a right adjoint. A bial- 
gebroid corresponds with a Hopf monad if and only if it is a Hopf algebroid in the 
sense of Schauenburg [SchOOj . We also use Hopf monads to prove that any finite 
tensor category is naturally equivalent (as a tensor category) to the category of 
finite-dimensional modules over some finite dimensional Hopf algebroid. 

1. Preliminaries and notations 

Unless otherwise specified, categories are small, and monoidal categories are 
strict. We denote by Cat the category of small categories (which is not small). 

If C is a category, we denote by Ob(C) the set of objects of C and by Homc(Ar, Y) 
the set of morphisms in C from an object X to an object Y . The identity functor 
of C is denoted by Iq. 

If C is a category and c an object of C, the category of objects of C over c is the 
category C/c whose objects are pairs {a,4>), with a £ Ob(C) and 4> S Homc(a, c). 
Morphisms from (a, (ji) to (6, V") in C/c are morphism / : a — & in C satisfying the 
condition -0/ = 4>- They are called morphisms over c. 



Here lax means that a need not be invertible. 
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Similarly the category of objects of C under c is the category c\C whose objects 
are pairs (a, with a G Ob(C) and <p G Homc(c, a). 
A pair of parallel morphisms 

/ 

X =^ Y 

9 

is reflexive (resp. coreflexive) if / and g have a common section (rcsp. a common 
retraction), that is, if there exists a morphism h: Y ^ X such that fh = gh = idy 
(resp. hf = hg = idx)- A reflexive coequalizer is a coequalizer of a reflexive pair. 
Similarly a coreflexive equalizer is an equalizer of a coreflexive pair. 

1.1. Monoidal categories and functors. Given an object X of a monoidal cat- 
egory C, we denote by X(E)7 the endofunctor of C defined on objects by Y i-^ X (E)Y 
and on morphisms by f X (Si f = idx ® /• Similarly one defines the endofunctor 
?0X ofC. 

Let (C, ®, 1) and (2?, (S, 1) be two monoidal categories. A monoidal functor from 
C to 2? is a triple {F, -F2, -Fo), where F-.C^Visa. functor, ^2 : -F ® F is a 

natural transformation, and Fq : 1 — > F{1) is a morphism in D, such that: 

F2iX, Y ® Z)iidF^x) ® F2{Y, Z))^F2{X® Y, Z){F2{X, Y) ® id^(z)); 

F2{X,l){idF(X)®Fo)^ldFl^X) = F2{l,X){Fo®ldF(X)); 

for ah objects X, Y, Z of C. 

A monoidal functor {F, F^jFq) is said to be strong (resp. strict) if F2 and Fq are 
isomorphisms (rcsp. identities). 

A natural transformation (p: F ^ G between monoidal functors is monoidal if 
it satisfies: 

^x®yF2{X, Y) = G2{X, Y){ipx ify) and Go = ipiFo. 

We denote by MonCat the category of small monoidal categories, morphisms 
being strong monoidal functors. 

1.2. Comonoidal functors. Let (C, (gi, 1) and {V, (g), 1) be two monoidal cate- 
gories. A comonoidal functor (also called opmonoidal functor) from C to X> is a 

triple (F, F2,Fo), where F: C ^ X> is a functor, F2 : F(g) ^> F (g) F is a natural 
transformation, and Fq : F(l) — )^ 1 is a morphism in V, such that: 

(id;.(x) <S> F2{Y, Z))F2{X, Y(S>Z)^ {F2{X, Y) ® idFiz))F2{X ® Y, Z); 
{idF(x) ® Fo)F2(X, 1) = idF(x) = (Fo idF(x))F2{t,X); 

for all objects X, Y, Z of C. 

A comonoidal functor (F, F2, Fq) is said to be strong (resp. strict) if F2 and Fq 
are isomorphisms (resp. identities). In that case, (F, F2~^, Fq~-^) is a strong (resp. 
strict) monoidal functor. 

A natural transformation </?: F — >■ G between monoidal functors is comonoidal 
if it satisfies: 

G2{X,Y)ipx»Y = (y^x (^^y)F2{X,Y) and Go^Pi ^ Fq. 

Note that the notions of comonoidal functor and comonoidal natural transfor- 
mation are dual to the notions of monoidal functor and monoidal natural transfor- 
mation. 
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2. HOPF MONADS 

In this section, we define Hopf monads on an arbitrary monoidal category: they 
are the bimonads whose fusion operators are invertible. We also introduce the 
related notion of Hopf adjunction: the monad of a Hopf adjunction is a Hopf 
monad, and a bimonad is a Hopf monad if and only if its adjunction is a Hopf 
adjunction. 

2.1. Monads. Let C be a category. Recall that the category End(C) of endofunc- 
tors of C is strict monoidal with composition for monoidal product and identity 
functor Ic for unit object. A monad on C is an algebra in End(C), that is, a triple 
(T,^,ri), where T: C — > C is a functor, ^: T and rj: Ic ^ T are natural 
transformations, such that: 

lJ-xT{p.x) = MxA*TX and txxVTX = idrx = iJ^xT{rix) 

for any object X of C. 

Monads on C form a category Mon(C), a morphism from a monad (T, /i, ry) to a 
monad (T', n' ,r]') being a natural transformation f : T ^ T' such that frj — rj' and 
fn = ii'T{f)fT- The identity functor Ic is a monad (with the identity for product 
and unit) and it is an initial object in Mon(C). 

2.2. Modules over a monad. Let {T,^,ri) be a monad on a category C. An 
action of T on an object M of C is a morphism r: T{M) M in C such that: 

rT(r) = r^M and rr]M = idA/- 

The pair (M, r) is then called a T- module in C, or just a T-modul^ 

Given two T-modules {M,r) and {N,s) in C, a morphism of T- modules from 
(M, r) to {N,r) is a morphism / e Homc(M, iV) which is T -linear, that is, such 
that fr = sT{f). This gives rise to the category of T-modules (in C), with compo- 
sition inherited from C. We denote this category by (the notation T-C is used 
in [BV07] 1 . 

The forgetful functor Ut: ^ C of T is defined by UT{M,r) = M for any 
T-module (Af, r) and Urif) ~ f for any T- linear morphism /. It has a left adjoint 
Ft : C — s> C^, called the free module functor, defined by Ft{X) = {TX, fix) for any 
object X oi C and Frif) = Tf for any morphism / of C. 

2.3. Monads, adjunctions, and monadicity. Let (F : C ^> P, [/ : 2? C) be 

an adjunction, with unit r;: Ic — s> UF and counit e: FU — s> Ip. Then T — UF 
is a monad with product /i = {/{ep) and unit t;. There exists a unique functor 
K-.V^C'^ such that [/T-fiT = ?7 and KF = i^T- This functor K, called the 
comparison functor of the adjunction (_F, [/), is defined by K{d) = (Ud, Usd)- 

An adjunction (F, U) is monadic if its comparison functor K is an equivalence of 
categories. For example, if T is a monad on C, the adjunction [Ft, Ut) has monad 
T and comparison functor K — Iqt, and so is monadic. 

A functor U is monadic if it admits a left adjoint F and the adjunction {F, U) is 
monadic. If such is the case, the monad T = UF of the adjunction (F, U) is called 
the monad of U . It is well-defined up to unique isomorphism of monads (as the left 
adjoint F is unique up to unique natural isomorphism). 

Theorem 2.1 (Beck). An adjunction [F : C ^ V,U : V ^ C) is monadic if and 
only if the functor U satisfies the following conditions: 

(a) The functor U is conservative, that is, U reflects isomorphisms; 

(b) Any reflexive pair of morphisms in T> whose image by U has a split coequal- 
izer has a coequalizer, which is preserved by U . 



'Pairs {M,r) are usually called T-algebras in the literature (see IMacQSI V 
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Moreover, if (F, U) is monadic, the comparison functor K is an isomorphism if 
and only if the functor U satisfies the transport of structure condition: 

(c) For any isomorphism f : U{d) ^ c in C, where c G Ob(C) and d G Ob(2?), 
there exist a unique c G Ob(X') and a unique isomorphism f : d c in V 
such that U{f) — f. 

2.4. Bimonads. A bimonad on a monoidal category C is a monad {T,ii,rj) on C 
such that the functor T: C — > C is comonoidal and the natural transformations 
jjL: ^ T and rj: Ic ^ T are comonoidal. In other words, T is endowed with a 
natural transformation T2 : T® T ®T and a morphism To : T(l) 1 in C such 
that: 

{TX ® T2{Y, Z))T2{X, Y®Z)= (T2(X, Y) ® TZ)T2{X ® Y, Z), 
{TX®To)T2{X,l)^idTx = {To®TX)T2{l,X), 
T2{X,Y)tix^Y = {fix ® ^^Y)T2{TX,TY)T{T2iX,Y)), 
To/ii = ror(ro), T2{X, Y)t]x,sy ^Vx® Vy, To?]! = idi. 

Remark 2.2. A bimonad T on a monoidal category C = (C, ®, 1) may be viewed 
as a bimonad T'^°'^ on the monoidal category C^°p = (C,i55°p,1), with comonoidal 
structure T^°^{X,Y) = T2(r,X) and T^°'^ = Tq. The bimonad T'^"? is called the 
coopposite of the bimonad T. We have: (0®°?)^"" = (C^)®'°p. 

Remark 2.3. The dual notion of a bimonad is that of a bicomonad, that is, a 
monoidal comonad. An endofunctor T of a monoidal category C = (C, ®, 1) is 
a bicomonad if and only if the opposite endofunctor r°P is a bimonad on C°p = 
(C°P,(^,1). 

Bimonads on C form a category BiMon(C), morphisms of bimonads being como- 
noidal morphisms of monads. The identity functor Ic is a bimonad on C, which is 
an initial object of BiMon(C). 

2.5. Bimonads and comonoidal adjunctions. A comonoidal adjunction is an 
adjunction {F:C V^U-.V C), where C and V are monoidal categories, F 
and U are comonoidal functors, and the adjunction unit rj: Ic ^ UF and counit 
e: FU — lx> are comonoidal natural transformations. 

If {F, U) is a comonoidal adjunction, then U is in fact a strong comonoidal 
functor, which we may view as a strong monoidal functor. Conversely, if a strong 
monoidal functor U : V C admits a left adjoint F, then F is comonoidal, with 
comonoidal structure given by: 

F2{X,Y) - eFX»FYFU2iFX,FY)F{7jx ®Vy) and Fq = £iF({7o), 

and {F, U) is a comonoidal adjunction (viewing [/ as a strong comonoidal functor), 
see |McC02j . A comonoidal adjunction is an instance of a doctrinal adjunction in 
the sense of |Kel74j . 

The monad T — UF of a comonoidal adjunction (C/, F) is a bimonad, and the 
comparison functor K : V ^ is strong monoidal and satisfies UtK = U as 
monoidal functors and KF = Ft as comonoidal functors (see for instance }BV07[ 
Theorem 2.6]). 

The comonad T — FU of a comonoidal adjunction (U, F) is a comonoidal 
comonad, that is, a comonad whose underlying endofunctor is endowed with a 
comonoidal structure so that its coproduct and counit are comonoidal. 

Example 2.4. The adjunction {Fu, Ut) of a bimonad T is a comonoidal adjunction 
(because Ut is strong monoidal). 



HOPF MONADS ON MONOIDAL CATEGORIES 



7 



Remark 2.5. Comonoidal adjunctions are somewhat misleadingly called monoidal 
adjunctions in |BV07| . 

2.6. Fusion operators. Let T be a bimonad on a monoidal category C. The left 
fusion operator of T is the natural transformation iJ' : T{\c ®T) ~^ T ®T defined 
by: 

H^^ Y = {TX ® iiy)T2{X, TY) : T{X ® TY) -^TX® TY. 

The right fusion operator ofT is the natural transformation : T{T®lc) — t- T(®T 
defined by: 

H'^ Y = it^x ® TY)T2{TX, Y) : T{TX ®Y)^TX® TY. 
From the axioms of a bimonad, we easily deduce: 
Proposition 2.6. The left fusion operator ij' of a bimonad T satisfies: 

H^X,yT{X ® Hy) = {TX ® flY)H^X^TY, 

H'x,yT{X ® r/y) = T2{X, r), H'x^yVX(sty ^ Vx ® TY, 
{T2{X, Y) ® TZ)H'x^y.z = (TX ® H'y^z)T2{X, Y ®TZ), 
(To ® TX)Hlx = MJf , (TX ® To)H'x,i = T{X ® To), 

and the left pentagon equation; 

{TX ® Hy)H'x ,Y(g>TZ — {H'x,Y ® TZ)H'x^^Y,znX ® H^). 

Similarly the right fusion operator of T satisfies: 
Hx,YTifix ®Y)^ {fix ® TYWtx,y. 

H'x,yT{vx <^Y)^ T2{X, Y), H^x^yVtx^y ^TX®7Jy, 
{TX ® T2{Y, Z))H-x,Y^z = {H-x,Y ® TZ)T2{TX ® Y, Z), 
{TX ® ToWx,^ = MX, (To ® TX)Hlx = T(To ® X), 

and the right pentagon equation: 

{H^x.Y ® TZWtx^y.z = {TX ® H^.zWx.TY^zT{H'x,Y ® Z). 

Remark 2.7. A bimonad can be recovered from its left (or right) fusion operator. 
More precisely, let T be an endofunctor of a monoidal category C endowed with a 
natural transformation Hx,y '■ T{X ®TY) — > TX®TY satisfying the left pentagon 
equation: 

{TX ® Hy,z)Hx.y®tz = [Hx.Y ® TZ)Hx®ty.zT{X ® Hy,z), 

and with a morphism To : Tl — > 1 and a natural transformation rjx '■ X — > TX 
satisfying: 

Hx,Yrix®TY ='nx® TY, T^rft = idi, 

{TX ® To)Hxs = T{X ® To), {To ® TX)H^,xT{rix) = idrx- 

Then T admits a unique bimonad structure (T, /i, 77, T2, To) having left fusion oper- 
ator H . The product /i and comonoidal structural morphism T2 are given by: 

Hx = {To®TX)H^,x and T2{X,Y) = Hx,yT{X ® t^y). 



8 



A. BRUGUIERES, S. LACK, AND A. VIRELIZIER 



2.7. Hopf monads and pre-Hopf monads. Let C be a monoidal category. A 
left (resp. a right) Hopf monad on C is a bimonad on C whose left fusion operator 
(resp. right fusion operator H^) is an isomorphism. 

A Hopf monad on C is a, bimonad on C such that both left and right fusion 
operators are isomorphisms. Hopf monads on C form a full subcategory HopfMon(C) 
of the category BiMon(C) of bimonads. The identity functor Ic is a Hopf monad 
on C, which is an initial object of HopfMon(C). 

It is convenient to consider a weaker notion: a left (resp. right) pre-Hopf monad 
on C is a bimonad on C such that, for any object X of C, the morphism iJ^ (resp. 



H 



x.i. 



is invertible. 



A pre-Hopf monad is a bimonad which is a left and a right pre-Hopf monad. 
Clearly any Hopf monad is a pre-Hopf monad, but the converse is false: 

Example 2.8. We provide an example of a pre-Hopf monad on a monoidal (even 
autonomous) category which is not a Hopf monad. Let Z- vectk be the autonomous 
category of finite dimensional Z- graded vector spaces on a field k, and let N- vectk 
be its full subcategory of graded vector spaces with support in N. The inclusion 
functor t: N-vectt — >■ Z-vectk has a left adjoint tt, which sends a Z- graded vector 
space to its non-negative part. The adjunction (tt, l) is monoidal. The bimonad 
T — LTT on Z- vectjj of this adjunction (see Section [53]) is a pre-Hopf monad but not 
a Hopf monad. 

Remark 2.9. Certain general results on Hopf algebras extend naturally to pre- 
Hopf monads, such as Sweedler's theorem on the structure of Hopf modules (see Sec- 
tion [S]). Also, Maschke's semisimplicity theorem for Hopf monads on autonomous 
categories given in [BV07', Theorem 6.5] holds word for word for pre-Hopf monads 
in arbitrary monoidal categories. Indeed the proof given in [B VOTI . which relied on 
the properties of a certain natural transformation Fx ■ X ® Tt — > T^X, extends in 
a straightforward way, observing that Tx — H^ livx ® Tl). 



Example 2.10. Given a Hopf algebra A in a braided category, we depict its product 
m, unit u, coproduct A, counit e, and invertible antipode 5' as follows: 

A , A A ^ A A 

A = ' I 

A A A ^ A A 

Let S be a braided category with braiding t, and A a bialgebra in B. As shown 
in |BV07) . the endofunctor A®1 of S is a bimonad on i3, with structure maps: 

AX AX A X A Y 



A A ^ ^ 9 ^ 



MX 



^ |, vx = ^\ , {A<E>7)2{X,Y) ^ 



(^®?)o = 



A A X 

Its fusion operators are: 



Hx,Y - 



A X Y 



A X A Y 
\ 




and H^ y = 



A X A Y 
A A X Y 




A X A Y 

If A is a Hopf algebra with invertible antipode S, then A(S^1 is a Hopf monad, the 
inverses of the fusion operators being: 

A X A Y A A X Y 



H 



X.Y 




and H 



X,Y 
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Similarly, if is a Hopf algebra in B with invertible antipode, then ? ® A is a Hopf 
monad on B. Thus Hopf monads generalize Hopf algebras in braided categories. 
In particular, a Hopf algebra over a commutative ring k defines a Hopf monad on 
the category of k-modules. See Section [5] for a detailed discussion of Hopf monads 
associated with Hopf algebras. 

Remark 2.11. Let T be a bimonad on a monoidal category C. Then T is a right 
(pre- )Hopf monad if and only if its opposite bimonad T'^°p on C^°p (see Rcmark [2.2p 
is a left (pre- )Hopf monad. 

2.8. Hopf monads and Hopf adjunctions. In view of the relation between bi- 
monads and comonoidal adjunctions recalled in Section 12. 5[ it is natural to look 
for a characterization of Hopf monads in terms of adjunctions. This leads to the 
notion of a Hopf adjunction. 

Let {F : C — > 2?, [/ : P — > C) be a comonoidal adjunction between monoidal 
categories (see Section l2.5p . The left Hopf operator and the right Hopf operator of 
(_F, U) are the natural transformations 

h^: F{lc(g)U) ^ F(^1t, and h"^ : F{U (S Ic) ^ Iv (E) F 

defined by: 

Km = {Fc ® ed)^2(c, Ud) : F{c ® Ud) ^Fc(^d, 
H^^^ = {Sd (8) Fc)F2{Ud, c) : F{Ud ®c)^d®Fc, 
for c e Ob(C) and d e Ob(D). 

Remark 2.12. Hopf adjunctions were initially introduced by Lawvere in the con- 
text of cartesian categories under the name of Frobenius adjunctions |Law70) . 

Remark 2.13. Let T = UF be the bimonad of the comonoidal adjunction (F, U). 
The fusion operators and of T are related to the Hopf operators IH' and W 
of (F, U) as follows: 

Hx^Y = U2{FX, FY)U{U'x,fy) and ff^ y = f/2(FX, FY)U{U'-px,Y) 
for all X,y G Ob(C). 

A left (resp. right) Hopf adjunction is a comonoidal adjunction (f, U) such that 
H' (resp. VT) is invertible. A Hopf adjunction is a comonoidal adjunction such that 
both H' and W are invertible. 

A left (resp. right) pre-Hopf adjunction is a comonoidal adjunction {F, U) such 
that IHj _ (resp. IH!1 is invertible. A pre-Hopf adjunction is a comonoidal adjunc- 
tion such that both IH^ _ and IH!1 ^ are invertible. 

From Remark l2.131 we easily deduce: 

Proposition 2.14. (a) The monad of a left (resp. right) Hopf adjunction is a 
left (resp. right) Hopf monad. In particular the monad of a Hopf adjunction 
is a Hopf monad. 

(b) The monad of a left (resp. right) pre-Hopf adjunction is a left (resp. right) 
pre-Hopf monad. In particular the monad of pre-Hopf adjunction is a pre- 
Hopf monad. 

On the other hand, a bimonad is a Hopf monad if and only if its associated 
comonoidal adjunction is a Hopf adjunction: 

Theorem 2.15. Let T be a bimonad on a monoidal category C. 

(a) T is a left (resp. right) Hopf monad if and only if the comonoidal adjunction 
{Ft, Ut) is a left (resp. right) Hopf adjunction. In particular T is a Hopf 
monad if and only if {Ft, Ut) is a Hopf adjunction. 
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(b) T is a left (resp. right) pre-Hopf monad if and only if the comonoidal ad- 
junction {Ft,Ut) is a left (resp. right) pre-Hopf adjunction. In particular 
T is a pre-Hopf monad if and only if {Ft, Ut) is a pre-Hopf adjunction. 

We prove Theorem 12. 151 in Section 

Hopf adjunctions are stable under composition: 

Proposition 2.16. The composite of two left (resp. right) Hopf adjunctions is a left 
(resp. right) Hopf adjunction. In particular the composite of two Hopf adjunctions 
is a Hopf adjunction. 

Proposition 12.161 is a direct consequence of the foUowing lemma: 

Lemma 2.17. Let {F: C ^ V,U: V ^ C) and (G: V ^ £,V: £ ^ V) be 
two comonoidal adjunctions. Denote by H' (resp. H'', resp. IH"'J and DH'" (resp. 
H"', resp. h"^ ) the left and right Hopf operators of {F,U) (resp. {G,V), resp. 
(GF^UV)). Then 

^ci = ^'Le GiK.Ve) Cind - Kfc G(H^v'e,c) 

for all c e Ob(C) and e £ Oh{£). 

2.9. Proof of Theorem 12.151 The 'if part of each assertion results immediately 
from Proposition 12 . 141 since T is the bimonad of its comonoidal adjunction. The 
'only if part, less straightforward, results from the following lemma: 

Lemma 2.18. Let T be a bimonad on a monoidal category C. Denote by H^ and 
its fusion operators and H', H'' the Hopf operators of the adjunction {Ft,Ut) 
ofT. Let X be an object C. Then Hi^ _ is invertible if and only if _ is invertible, 
and in that case their inverses are related by: 

HxY = ^^x'^FtY a'nd lHx(M,r) = T{idx «> r)H^xXii^'^TX «> Vm)- 
Similarly H^ ^ is invertible if and only if HI is invertible, and in that case: 

Hyx = ^FtVx and 1r\[M^r),x = T{r <S> idx)Hlj^x{VM ® idrx)- 

Proof. By Remark 12.131 the forgetful functor Ut being strict monoidal, we have 
^x Y — ^x Ft{Y) ^^'^ ^x Y — ^Ft{x) y- Hence the 'if parts and the expressions 
given for inverses of fusion operators. 

Let us prove the 'only if part of the left-handed case (the right-handed case can 
be done similarly). Assume is invertible. Set A = T{X®?), B = TX®1, 

and a = C/tIHJy _ : AUt BUt- We have — ^x.- ^^^"^ '^Ft is invertible. 
Therefore a is invertible by Lemma 12.191 below. Thus DH' is invertible [Ut being 
conservative) and ^^x^^^m r) ~ TiiAx ® r)H^x\j(\dTx ® Vm) for any T- module 
(M,r). ' ' ' □ 

Lemma 2.19. Let a: AUt — > BUt be a natural transformation, where T is a 
monad on a category C and A,B: C — t- 2? are two functors. If a Ft is invertible, so 
is a, and 

for any T- module. 

Proof. Let {M, r) be a T- module. The fork 

M I ^ TM M 

Tr 
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in C is split by T^M <'^^' TM < M ■ As a result, in the diagram: 



AT^ M r ATM — ^ AM 

ATr 



BtJ,M D 

Af r BTM ^ BM 

BTr 

the two rows are split coequalizers and the first two columns are invertible by 
assumption. Therefore the third column is also invertible. Since r: FtM {M,r) 
is T- linear, we obtain: a'^^^,.) = aJ^^^^^B{rriM) = A(r)a'plj^.jB[riM)- □ 



3. HOPF MONADS ON CLOSED MONOIDAL CATEGORIES 

In this section we define binary left and right antipodes for a bimonad T on 
a closed monoidal category C and show that T is a Hopf monad if and only if T 
admits binary left and right antipodes, or equivalently, if the category of T- modules 
is closed monoidal and the forgetful functor Ut preserves internal Homs. When C 
is autonomous, Hopf monads as defined in the present paper coincide with Hopf 
monads defined in |BV07j in terms of unary antipodes. 

The general results on Hopf monads on closed monoidal categories are stated 
in Section 13.31 and the autonomous case is studied in Section 13.41 The rest of the 
section is devoted to the proofs which are based on a classification of adjunction 
liftings (see Section l375)) . 

3.1. Closed monoidal categories. See |EK66| for a general reference. Let C be 
a monoidal category. Let X, Y be two objects of C. A left internal Horn from X to 
Y is an object [X, Y]^ endowed with a morphism evy : [X, Y]^ ® X ^Y such that, 
for each object Z of C, the mapping 

r Homc(Z, ^ Homc(Z(8)X,r) 

I / ^ ev^(/®idx) 

is a bijection. If a left internal Honi from X to Y exists, it is unique up to unique 
isomorphism. 

A monoidal category C is left closed if left internal Homs exist in C. This is 
equivalent to saying that, for every object X of C, the endofunctor 1 ® X admits a 
right adjoint [X, ?]', with adjunction unit and counit: 

eY^:[X,Y]^®X^Y and cogy^ : Y ^ [X ,Y ® X]\ 

called respectively the left evaluation and the left coevaluation. 

Let C be a left closed monoidal category. The left internal Homs of C give rise 
to a functor: 

[-,-]': C°P X C 

where C°p is the category opposite to C. Moreover, from the associativity and 
unitarity of the monoidal product of C, we deduce isomorphisms 

[X ® Y, Z]' ~ [X, [Y, Z]']' and [1, X]' ~ X 

which we will abstain from writing down in formulae. The composition 

cx.Y^z: [Y,Z]'®[X,Y]' ^ [X,Z]' 

of internal Homs is the natural transformation defined by: 

evf {cx,Y,z ®X) = ev^([r, Z]' (g) ev^). 
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Remark 3.1. If X is an object of a monoidal category C admitting a left dual 
CX, evx, coevx) then, for every object Y of C, [X, YY ~ Y (E) "^X is a left internal 
Horn from X to Y, with evaluation morphism evy = Y (E) cvx- Therefore any left 
autonomous category is left closed monoidal. 

Remark 3.2. A left closed monoidal category C is left autonomous if and only if 
cx,i,x ■ [1, ® [X, if [X, Xf is an isomorphism for all object X of C. In that 
case, = [X, 1]' is a left dual of X, with evaluation evx = ev^ and coevaluation 
coevx = (evf <^ idvx)cj.\j^ coevf . 

One defines similarly right internal Horns and right closed monoidal categories. 
A monoidal category is right closed if and only if, for every object X of C, the 
endofunctor X®? has a right adjoint [X,?]'", with adjunction unit and counit: 

evy-- X (x)[X,YY ^Y and coevy ■ Y ^ [X,X ®Yf , 

called respectively the right evaluation and the right coevaluation. The right inter- 
nal Horns of a monoidal left right closed category C give rise to a functor: 

[-,-]'■: C°P xC^C. 

Remark 3.3. A right internal Horn in a monoidal category C is a left internal Hom 
in C®°P, and C is right closed if and only if C^^p is left closed. 

A closed monoidal category is a monoidal category which is both left and right 
closed. 

3.2. Functors preserving internal Homs. Let X, Y be objects of a monoidal 
category D which have a left internal Horn [X, y]', with evaluation morphism 
evy ■ [XjY]' E) X ^ Y. A monoidal functor U : V ^ C is said to preserve the 
left internal Hom from X to Y ii U[X, Y^ , endowed with the evaluation 

U{eY§)U2i[X,YY,X): U[X,Y]' (x)UX UY , 

is a left internal Horn from UX to UY . 

A monoidal functor U : V ^ C between left closed monoidal categories is left 
closed if it preserves all left internal Homs. 

Let U : V ^ C he a, monoidal functor between left closed monoidal categories. 
The natural transformation U{cv^)U2{[X, Y]\X) : U[X, F]' ®UX ^UY induces 
by universal property of internal Homs a natural transformation: 

U\^Y- U[X,Y]^ [UX,UY]K 

The monoidal functor U is left closed if and only if [/' is an isomorphism. 

Similarly one defines monoidal functors preserving right internal Homs and right 
closed monoidal functors. 

Lemma 3.4. Let U : V ^ C be a strong monoidal functor between left closed 
monoidal categories. If U is conservative, left closed, and C is left autonomous, 
then T) is left autonomous. 

Proof. According to Remark l3.21 it is enough to show that, for any object X of T>, 
the composition morphism cx,±,x'- [1,^]' <8> [-'^j 1]' — > [-^, is an isomorphism. 
Since U is strong monoidal, U2 and C/q a-re isomorphisms. Consider the following 
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commutative diagram: 

[/([!, XY ® [X, 1]') ' ■ ■ ' ^ U[X, X]^ ■ ^ [UX, UX]^ 

(72([1,X]'JX,1]') 

U[1,X]^ ®U[X,1]^ [1,UX]^ ®[UX,1]'- 

[U1,UX]^ ® [UX, Ul]^ 

Since is an isomorphism [U being left closed) and cux,i,ux is invertible (by 
Remarking, we obtain that U{cx,±,x) is invertible. Now U is conservative. Hence 
cx,i.x is an isomorphism. □ 

Proposition 3.5. Let [F : C ^ D ,U : V ^ C) be a comonoidal adjunction between 
monoidal left (resp. right) closed categories. Then {F, U) is a left (resp. right) Hopf 
adjunction if and only if U is left (resp. right) closed. 

Proof. We prove the left-handed version (the right one can be done similarly). Let 
(F : C — 5- P, [/ : 23 — > C) be a comonoidal adjunction between left closed monoidal 
categories. For any c G Ob(C) and d, e e Ob(E'), set 

r Homx)(F(c) (g)d,e) Homx)(F(c ® C/d), e) 

where H' is the left Hopf operator of {F, U). Note that /i^ ^ is natural in c, d, e and 
one verifies easily that it is the composition: 

Homi7(Fc(K)d, e) ^ Honii7(Fc, [d, e]') ^ Homc(c, C/[d, e]') 

M 



— ^ Homc(c, [Ud, UeY) — > Homc(c ® Ud, Ue) — > Homi,(F(c ® Ud), e), 

where m^'*^ — Homc(c, Uj^ ^) and all other maps are adjunction bijections. 

Assume that U is left closed. Let c £ Ob(C) and d G Ob(23). Since [/^ _ is an 
isomorphism, is an isomorphism, and so is ft^^. Therefore IH[. ^ is invertible 
by the Yoneda lemma. Hence {F, U) is a left Hopf adjunction. 

Conversely, suppose that {F,U) is a left Hopf adjunction. Let d, e e Ob(X'). 
Since IH'_ ^ is an isomorphism, ht ^ is an isomorphism, and so is ul'"^. Therefore 
t/^ g is invertible by the Yoneda lemma. Hence U is left closed. □ 

3.3. Hopf monads and antipodes in the closed monoidal setting. Let T be 

a bimonad on a monoidal category C. 

If C is left closed, a binary left antipode for T, or simply left antipode for T, is a 
natural transformation 

= {4^^: T[TX,y]' ^ [X,Ty]'}x,yeob(c) 
satisfying the following two axioms: 

(la) T{ev^{[7jx,Yy (g> X)) ^ CY^^{s'Tx,Yni^x,Yf ®TX)T2{[TX,Yy,X), 

(lb) [X,TY ® ryxl'coev^y = [X, {TY Aix)T2(r, rX)]'4^^^jixT(coev^^), 

for all objects X,Y of C. 

Similarly if C is right closed, a binary right antipode for T, or simply right antipode 
for T, is a natural transformation 



s'' = {sVy-- T[TX,Yr ^ [X,TYr}x^Ye 



Ob(C) 
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satisfying: 



(2a) T{€v^{X ^['nx.YY)) ^ evl^{TX ® s^rx.Yn^^x.YY)T2{X,[TX,YY), 

(2b) [X, T]x ® TYY6Sev§y = [X, {fix ® TY)T2(TX, Y)Y s-^x^TX^yTi^^V), 
for all objects X, Y of C. 



With this definition of (binary) antipodes, we have: 

Theorem 3.6. Let T he a bimonad on a left (resp. right) closed monoidal cate- 
gory C. The following assertions are equivalent: 

(i) The bimonad T is a left (resp. right) H op f monad on C; 

(ii) The monoidal category C'^ is left (resp. right) closed and the forgetful func- 
tor Ut is left (resp. right) closed; 

(iii) The bimonad T admits a left (resp. right) binary antipode. 

This theorem is proved in Section [3.61 

Remark 3.7. If the equivalent conditions of Theorem 13.61 are satisfied, internal 
Horns in may be constructed in terms of the antipodes of T as follows. If T is 
a left Hopf monad and C is left closed monoidal, then a left internal Horn for any 
two T- modules (M, r) and (A^, t) is given by: 



Similarly, if T is a right Hopf monad and C is right closed monoidal, then a right 
internal Hom for any two T- modules (M, r) and {N, t) is given by: 

[{M,r),{N,t)Y = {[M,NY,WA''sli^xT[r,NY). 

~ (M,r) ~ AI 1 (M,r) AI 

^^{N.t) = <5VjY , and coev^^^j' = coevjy . 

In addition to characterizing Hopf monads on closed monoidal categories, the 
left and right antipodes, when they exist, are unique and well-behaved with respect 
to the bimonad structure: 

Proposition 3.8. Let T be a bimonad on a monoidal category C. 

(a) If C is left (resp. right) closed and T admits a left (resp. right) antipode, 
then this antipode is unique. 

(b) Assume C is left closed and T is a left Hopf monad. Then the left antipode 
s' for T satisfies: 



for all objects X,Y,Z ofC. 
(c) Assume C is right closed and T is a right Hopf monad. Then the right 
antipode s'' for T satisfies: 



[iM,r),{N,t)y = {[M,Nf,[M,tfsi,^j^T[r,Nf), 





Sx,yHtx,y]' = [X,1^y]^s^x,tyT{s^tx,y)T'^[i^x,Y 
Sx,yV[tx,yy = [vx,VYf, 
^x^Y,z'r['r2iX,Y), Zf = [X , sy^zf Sx ['r(^Y),zY ' 
^T{i),xl'^o,Xf = idrx, 



s''x,yI^[tx.yy = [X, t^YY s''x,TYT{.slj,xx)T'^[lixX_ 
Sx,yV[tx,y]'' = [vx,VyY, 

Sx^Y,zT[T2{X,Y), zy = [X,Sy^zTsx^it{y),z]^^ 
^T(i),x[To, XY = idrx, 



for all objects X,Y,Z ofC. 
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The proposition is proved in Section 13.61 

Lastly, the antipodes and the inverses of the fusion operators of a Hopf monad 
can be expressed in terms of one another, as follows: 

Proposition 3.9. If T is a left Hopf monad on a left closed monoidal category C, 
then the inverse of the left fusion operator and the left antipode s' are related 
as follows: 

Hx!y = TiX (g) ^iY)&^TJx®T^Y){sTY,X®T^YT{coe^f'^^) ® iAty) , 

sx,Y = [X,TeYl-^]\7^x,H^x\TX.YY]^^oeYlf^^YY ■ 

Similarly if T is a right Hopf monad on a right closed monoidal category C, then 
the inverse of the right fusion operator H^ and the right antipode s' are related as 
follows: 

Hx.Y ^T{^ix® y)(i-^T(T'^x®Y) (idrx ® s^TX,T^x®YT{coeYY ) , 
Sx,Y = [^>7^ev^^]q77x,^^£[TX,F]-]''coeV?j^^_;^]. . 
The proposition is proved in Section 13.61 

3.4. Hopf monads on autonomous categories. The notion of Hopf monad 
introduced in this paper is a generalization of the notion of Hopf monad on an 
autonomous category introduced in |BV07| . 

If r is a bimonad on a left autonomous category C, a unary left antipode for T, 
or simply left antipode for T, is a natural transformation 

satisfying: 

ToT(evx)r(V ®X) = evTx(sTJf7^(V) ® TX)T2CTX, X); 

(ryx ''^)coevxTo = {fix (S> s'x)T2{TX/TX)T{coevTx); 

for every object X of C. 

Similarly if T is a bimonad on a right autonomous category C, a unary right 
antipode for T, or simply left antipode for T, is a natural transformation 

s'- = {55,:T((rX)^)^X^}^gOb(c) 

satisfying: 

ToT{eYx)T{X ® 77)^) = evTjf (TX s^.^^ r(/i^))r2(X, {TXy); 

(X^ ®?7x)c-5irvxTo = (s'x ® lix)T2{{TX)'' ,TX)Ti66^YTx); 

In [BV07| . a left (resp. right) Hopf monad T on a left (resp. right) autonomous 
category C is defined as a bimonad on C which admits a left (resp. right) unary 
antipode or, equivalently by |BV07i Theorem 3.8], whose category of modules 
is left (resp. right) autonomous. This definition, which makes sense only in the 
autonomous setting, agrees with that given in Section [2.71 

Theorem 3.10. Let C be a left (resp. right) autonomous category and T be a 
bimonad onC. Then the following assertions are equivalent: 

(i) The bimonad T has a left (resp. right) unary antipode; 

(ii) The bimonad T has a left (resp. right) binary antipode; 

(iii) The bimonad T is a left (resp. right) Hopf monad. 

The theorem is proved in Section [3.61 
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Remark 3.11. The binary left antipode s -^ y ^^'^ unary left antipode of a left 
Hopf monad T on a left autonomous category are related as follows: 

s^x Y = {TX s^y)T2{X, ^Ty) and = (Tq O '^X)s^ . 

Similarly the binary right antipode s'^^ y unary right antipode sj^ of a right 
Hopf monad T on a right autonomous category are related as follows: 

s'x,y = {5y®TX)T2CTY,X) and s'x = ^X ®To)s'x^^. 

3.5. Lifting adjunctions. In this section, {T,ii,rf) is a monad on a category C 
and (T', /i', r^') is a monad on a category C . 

AJift of a functor G: C ^ C along (T, T') is a functor GiC^^ C'^' such that 
Ut'G = GUt- It is a well-known fact that such lifts G are in bijective correspon- 
dence with natural transformations C, : T'G GT satisfying: 

= G(Ai)CTT'(C) and C^/g = G(r/). 

Such a natural transformation C is called a lifting datum for G along (T,T'). 
The lift corresponding with a lifting datum is defined by 

G<{M,r) = {G{M),G{r)CM). 

Conversely, the lifting datum associated with a lift G is 

C = UT'is'^^^)T'Giv), 

where e' denotes the counit of the adjunction {Ft',Ut')- 

Consider two functors G,G': C — >■ C, a lifting datum ( for G, and a lifting 
datum C' for G' . Then a natural transformation a: G G' lifts to a natural 
transformation 

a: G'^ -^G''^ 

(in the sense that /7t'(5) = au^) if and only if it satisfies ('T'{a) = arC- 

Example 3.12. Let T be a bimonad on a monoidal category C and (M, r) be 
a T- module. Then the endofunctors 1 ® M and M®? of C lift to endofunctors 

? (g) (M, r) and (M, r)®? of C^. The lifting data corresponding with these lifts are 
the Hopf operators IH'_ and H^^j _ of the comonoidal adjunction {Ft, Ut)- 

Now let {G : C C ,V : C C) be an adjunction, with unit h: Ic ^ VG and 
counit e : — >■ Ic • 

A /i/t of the adjunction {G,V) along {T,T') is an adjunction (G, F), where 
G:C^^ C'^Js a lift of G alongjr,T'), V : C'"^' -> is a lift of V along {T',T), 
and the unit /i and counit e of (G, V) are lifts of /i and e respectively. 

Lifts of the adjunction (G, are in bijective correspondence with pairs (COi 
where (: T'G GT and $, : TV — > VT' are natural transformations satisfying the 
following axioms: 



(3a) CMg = G(m)CtT'(C) , 

(3b) CVg = G{v) , 

(3c) Ct^v = V{f,')^T'T{0, 

(3d) ^^^ = y(V), 

(3e) T'(e)=eT'G(OCy, 

(3f) hT = V{C)^GT{h) . 



Such a pair (C,C) is called a lifting datum for the adjunction {G,V) along {T,T'). 
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By adjunction, we have a bijection 

f liOM{TV,VT') Rom{GT,T'G) 

I C ^ <i>{C) ^ eT'GG{^G)GT{h) 

whose inverse is given by — VT' {e)V{av)hTv ■ 

Theorem 3.13. Let (: T'G GT' be a lifting datum for G along {T,T'). Then 
the following assertions are equivalent: 

(i) There exists a natural transformation ^ : TV — )■ VT' such that (C, ^) is a 
lifting datum for the adjunction {G,V) along {T,T'). 

(ii) C is invertihle. 

If such is the case, ^ is unique and ^ = 

The theorem, which may be interpreted in terms of doctrinal adjunctions, results 
immediately from the following lemma: 

Lemma 3.14. Let (: T'G — > GT and ^ : TV — > VT' be natural transformations. 

(a) Axiom (j3ep is equivalent to ^{^)C — idr'Gj o.n-d 112) to C^{^) — idcT- 

(b) // (Pe|) and (jSj hold, then (I5al) is equivalent to ([5c|) . and (j3bp to (I3d[) . 



Proo/. The adjunction bijection Rom{T'GV,T') ^ Hom(T'G, T'G), defined by 
/? h-^ PaT'Gih), sends r'(e) to idr'G, and eT'G(e)Cv to eT'GGi^G)CvGT'G{h) = 
$(0C- Similarly the adjunction bijection Hom(T, FGT) ^ HOM(Gr, GT) sends 
hr to idcT and V{C)(GT{h) to C$(C)- Hence Part (a). 

Now assume that Axioms (I3el) and ((3f|) hold. In other words, C is invertible and 
= 'J'(C)- Then Axiom (|5a)) and Axiom (j3bp can be re-written as $(^)G(/x) = 
yLtQr'($(^))$(^)T and $(^)G(ry) = 77^, which translate respectively to Axiom (|3c]) 
and Axiom §^ via the adjunction bijections Rom{GT'^ ,T'G) ^ Rom{T'^V,VT') 
and Hom(G, T'G) ^ Hom(V^, VT'). Hence Part (b). □ 

3.6. Bimonads and lifting adjunctions. Here, by applying the results of Sec- 
tion [23] to bimonads in closed monoidal categories, we prove Theorems l3.6l and l3.10l 
and Propositions 13.81 and 13.91 We deal with the left closed case, from which the 
right closed case results using the coopposite bimonad (see Remarks 12.111 and 13. 3p . 

Let C be a monoidal category and T be a bimonad on C. Note that T x I^t is 
a bimonad on C x . The monoidal tensor product eg) : C"^ x C"^ — >■ C"^ of is a 
lift of the functor (8)(lc x Ut) : C x C'^ ^ C along (T x Ic^, T): 



xC^ -C^ 



Ut 



CxC^ 7, — 77T^ C 

The corresponding lifting datum C: T{lc <E) Ut) — > T (g) Ut is given by: 

^{M,r) ^(^x® r)T2{X, M) : T{X ® M) T{X) ® M. 

Note that ( = Ut{^'^), where H' denotes the left Hopf operator of the comonoidal 
adjunction {Ft, Ut), and so, Ut being conservative, ^ is invertible if and only if T 
is a left Hopf monad. 

Assume now that C is left closed, that is, we have an adjunction (? (g) X, [X, ?]') 
for each X G Ob(C). In particular (? ® ./W^)(A/.r)ec^ is a family of endofunctors of C 
admitting right adjoints indexed by C"^. 

Lemma 3.15. The following assertions are equivalent: 

(i) The category C'^ is left closed monoidal and Ut is left closed; 
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(ii) For each T- module {M,r), the adjunction (? (g) M, [M, ?]') lifts to an ad- 
junction (? ig) (M, r) , V( M,r) ) • 

Proof. Let us prove that (i) implies (ii) . Recall that since Ut is left closed, we have a 
natural isomorphism U!p: Ut[ , ]' — 5> [Ut, Ut]\ see Section [X^ Thus, by transport 
of structure, we may choose left internal Honrs in so that [/t[(M, r), {N,r)f is 
equal to [M, Nf, Uip being the identity Then the adjunction (?(8)(M, r), [(M, r), ?]') 
is a hft of the adjunction (? (g) M, [M, ?]'). 

Conversely (ii) implies (i) since the existence of an adjunction (?(g)(M, r), V(jv/,r)) 
lifting the adjunction (? ® M, [M, ?]') means firstly that C'^ is left closed monoidal, 
with [(Ai^, r),?]' = V(M,r), and secondly that U!p is the identity (and so Ut is left 
closed). □ 

Let us prove Theorem 13.61 Propositions 13.81 and 13. 9[ and Theorem 13.101 

Proof of Theorem \3.6[ According to Theorem 13. 13[ given a T- module (Af, r), the 
adjunction (? ® M, [M, ?]') hfts to an adjunction (? ® (M, r), i/(*^''-)) if and only if 
the lifting datum (■f*^^'') is invertible. Therefore, by Lemma 13.151 C'^ is left closed 
monoidal and C/y is left closed if and only if C, is invertible, and so if and only if T 
is a left Hopf monad. Hence the equivalence of assertions (i) and (ii). 

Assume (i) holds, so that C is invertible. By Theorem 13.131 for any T- module 
(M, r) , there exists a unique natural transformation 

such that (_(^(M,r)^^(M,rys^ ^ jjf^jj^g (latum for the adjunction (?®M, [Af, ?]') along 
(T, T) , which is given by 

4^'^-) = [M,T(evi^)]'[M,cS^-)r]'coev^^^,^,,. 
Note that ^ is natural in (Af, r). Axioms (|3e| and (|3f| for this lifting datum are: 
(4a) T(ev*^) = ev^^^(4^^-) ® Af)cfi^^-; , 

(4b) coevf^ = [A/, Cf '''^]'dl';lr(coev^O. 

They translate to Axioms (jlal) and (|lbp of a left antipode under the adjunction 
bijection: 

HoM(r[c/T,ic]',[c/T,T]0 ^ HoM(r[r,ic]',[ic,T]') 

Hence assertion (iii). 

Conversely assume (iii) holds. Denote by s' the left antipode of T. Set ^ = 
^'-i(s'), that is, Cy^'''^ = s'-MYT[r,Yy. Under Axioms ^ and (ITb| for s' 

translate to (Pa|) and (I4bp . In particular, for any T- module (A/, r), ^(*^^'') satis- 
fies ([He]) and jSj. Furthermore, Axioms ([5al) and pb[) hold for ^(*^''') as it is a 
lifting datum for ? ® Af . Thus, by Lemma 13.141 Axioms ([5c)) and (|3dp hold for 
that is: 

(5a) '''^M[M,^]' = [M, Mx]'4'^''-'r(4*'''-)), 

(5b) 4''''^^^[M,^]' = [M,^^]'. 

Therefore [((M.r) ^^{M.r)-^ jjf^jj^g jatum for the adjunction {7(E) M, [AT, ?]') along 
(T, T) . Hence (ii) by Lemma 13.151 This concludes the proof of Theorem 13.61 □ 
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Proof of Proposition \S.8[ Part (a) results from the fact that if a natural transfor- 
mation ^ satisfying (|^a| and (j4bl) exists, it is unique by Theorem 13. 131 

Let us prove Part (b). Assume that T admits a left antipode sK When translated 
in terms of s\ Axioms (|4a|) and (|4bp yield the compatibility of s' with /i and rj. 
Given two T- modules (M, r) and (TV, t) , the T- action of the left internal Hom 
[{M,r),{N,t)y obtained by lifting [M,Nf is [M, <]'s'^_^r[r, iV]'. Given a third 
T- module {P,p), the T- linearity of the canonical isomorphism 

[(M,r) (N^t), {P,p)f [(Af,r), [{N,t), (P,p)]T, 

translated in terms of s' , yields the compatibility of s' to T2. Similarly the T- linearity 
of the canonical isomorphism 

[{l,To),{M,r)f ^ {M,r) 

yields the compatibility of s' to Tq. Hence Proposition 13.81 □ 



Proof of Provosition VJ M Denote by s' the left antipode of T and set ^ = ^(s'). 
Recah that S^y''"'^ = Ai.YT[r,Y]^ and s^y = [r]x,TY]^^^'^^ . By TheoremEU 

ef = [M,T(evi^)]'[M,cf^;;),r]'coev*^M,x]', 
Cf = evf^^(4^'];) M)T(coevf ), 



where Cx^'^^ — (Mr)- Lemma B.18[ we have: Hi^ y = Cx^^ ^ and 

Hence the expression of s' in terms of iJ' ^ , and conversely. □ 

Proof of Theorem \3.1(A We prove the left handed version. Assertions (ii) and (iii) 
are equivalent by Theorem 13.61 Assertion (iii) is equivalent to and Ut being 
left closed, and so to being left autonomous (using Lemma EH] and the fact that 
a strong monoidal functor preserves left duals). Hence (ii) is equivalent to (i) by 
[BV07I Theorem 3.8]. □ 

4. Cross products and related constructions 

In this section we study the cross product of Hopf monads (previously introduced 
in |BV09) for Hopf monads on autonomous categories). In particular we introduce 
the inverse operation, called the cross quotient. 

4.1. Functoriality of categories of modules. Let C be a category. If T is a 
monad on C, then (C"^, Ut) is a category over C, that is, an object of Cat/C Any 
morphism / : T — > P of monads on C induces a functor 

iM,r) ^ {M,rfM) 

over C, that is, Uxf* = Up. Moreover, any functor P : ^ over C is of this 
form. This construction defines a fully faithful functor 

Mon(C)°P -> Cat/C 
T ^ {C^,Ut) 

If / : T — !• P is a morphism of bimonads on a monoidal category C, then 
/* : is a strict monoidal functor over C, and any strong monoidal functor 

F : over C (that is, such that UtF = Up as monoidal functors) is of this 

form (see |BV07[ Lemma 2.9]). Hence a fully faithful functor 

BiMon(C)°P ^ MonCat/C. 
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4.2. Exactness properties of monads. A Hopf monad T on a monoidal cate- 
gory C admits a right adjoint if C is autonomous (see |BV07[ Corollary 3.12]), but 
not in general. In many cases, the existence of a right adjoint can be replaced by 
the weaker condition of preservation of reflexive coequalizers (defined in Section [1}. 

Lemma 4.1 { [Lin69j ) . Let C he a category and T he a monad on C preserving 
reflexive coequalizers. Then: 

(a) A reflexive pair of morphisms of C'^ whose image hy Ut has a coequalizer, 
has a coequalizer, and this coequalizer is preserved hy Ut; 

(b) // reflexive coequalizers exist in C, they exist also in and Ut preserves 
them. 

Lemma 4.2. Let C he a monoidal category admitting reflexive coequalizers, which 
are preserved hy monoidal product on the lefl (resp. right). If T is a himonad 
on C preserving reflexive coequalizers, then C"^ has reflexive coequalizers which are 
preserved hy monoidal product on the lefl (resp. right). 

Proof. Let us prove the right-handed version. According to Lemma 14.11 has 
reflexive coequalizers and Ut preserves them. Let h he a coequalizer of a reflexive 
pair {f,g) in C'^ , and d be an object of . Denoting A: be a coequalizer of the 
reflexive pair {f ® d,g ^ d), the morphism /i (g) d factorizes uniquely as (j)k. Both 
UT{h (g) d) and UTk are coequaHzers of (C/r/, C/rs) (because Ut and Ut <8> UTd pre- 
serve reflexive coequalizers) so UTfj) is an isomorphism. Hence (j) is an isomorphism, 
since Ut is conservative. Thus /i dg) d is a coequalizer oi {f ^ d, g ^ d). □ 

4.3. Cross products. Let T be a monad on a category C. If Q is a monad on the 
category C'^ of T- modules, the monad of the composite adjunction 

Uq Ut 
Fq Ft 

is called the cross product of T hy Q and denoted hy Q yi T (see [BV091 Section 
3.7]). As an endofunctor ofC, Q x>T — UtQFt. The product p and unit e of Q x T 
are: 

p = qFTQ{^QFT) and e = vp^rj, 
where q and v are the product and the unit of Q, and rj and e are the unit and 
counit of the adjunction {Ft, Ut). 

Note that the composition of two monadic functors is not monadic in general. 
However: 

Proposition 4.3 f [BW85j ). If T is a monad on a category C and Q is a monad 
on C'^ which preserves reflexive coequalizers, then the forgetful functor UtUq is 
monadic with monad Q x T. Moreover the comparison functor 

is an isomorphism of categories. 

If T is a bimonad on a monoidal category C and Q is a bimonad on C"^ , then 
Q »T — UtQFt is a bimonad on C (since a composition of comonoidal adjunctions 
is a comonoidal adjunction), with comonoidal structure given by: 

(Q X T)2{X,Y) = Q2{Ft{X),Ft{Y)) Q{{FT)2iX,Y)) , 
(Qxr)o = QoQ((^T)o). 

In that case the comparison functor K: (C^)^ qQ^t jg strict monoidal. 

The cross product is functorial in Q: the assignment Q ^ Qy\T defines a functor 
? X T: BiMon(C^) BiMon(C). 
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From Proposition 12 . 1 61 and Proposition 12. 141 we deduce: 

Proposition 4.4. The cross product of two left (resp. right) Hopf monads is a left 
(resp. right) Hopf monad. In particular, the cross product of two Hopf monads is 
a Hopf monad. 

Example 4.5. Let H he a bialgebra over a field k and A be a iJ-module algebra, 
that is, an algebra in the monoidal category //Mod of left i7- modules. In this 
situation, we may form the cross product A^i H, which is a k- algebra (see |Maj95| ). 
Recall that iJcg)? is a monad on Vectk and A®? is a monad on //Mod. Then: 

(A®?) X (iJ®?) = (A X H)^7 

as monads. Moreover, if iJ is a quasitriangular Hopf algebra and A is a 7f-module 
Hopf algebra, that is, a Hopf algebra in the braided category //Mod, then A » H 
is a Hopf algebra over k, and (AC3>?) xi (TJcg)?) — {A >i H)®7 as Hopf monads. 

Example 4.6. Let T be a Hopf monad on an autonomous category C. Assume T 
is centralizable, that is, for all object X of C, the coend 

Zt{X) = / ''T{Y)®X®Y 

exists (see |BV09j l. In that case, the assignment X i— > Zt{X) is a Hopf monad 
on C, called the centralizer of T and denoted by Zt. The centralizer Zt of T lifts 
canonically to a Hopf monad Zt on C"^, which is the centralizer of I^t. Then, by 
[BV091 Theorem 6.5], Dt — Zt xi T is a quasitriangular Hopf monad, called the 
double of T, and satisfies Z{C^) ^ C^"^ as braided categories, where Z denotes the 
categorical center. 

Distributive laws, introduced by Beck |Bec69l to encode composition and lifting 
of monads, have been adapted to Hopf monads on autonomous categories in |BV09| . 
The next corollary deals with the case of Hopf monads on arbitrary monoidal cat- 
egories. 

Corollary 4.7. Let P and T be Hopf monads on a monoidal category C and 
VL : TP — > PT be a comonoidal distributive law ofT over P. 

(a) If P is a Hopf monad, then the lift P^^ of P is a Hopf monad on . 

(b) If P andT are Hopf monads, then the composition Po^T is a Hopf monad 
on C and P^^ x T = P T as Hopf monads. 

Proof. Recall from |BV09[ Theorem 4.7] that ft defines a bimonad P^ on , which 
is a lift of the bimonad P, and a bimonad P oq T on C, with underlying functor 
PT. Moreover P oqT = P^ x T as bimonads on C. The forgetful functor Ut maps 
the fusion operators of P^^ to those of P. Therefore if P is a Hopf monad, so is P^ 
(as Ut is conservative). If both P and T are Hopf monads, then P^ x T is a Hopf 
monad by Proposition 14.41 and so is P oqT. □ 

Lemma 4.8. Let T be a bimonad on a monoidal category C and Q be a bimonad 
on . Assume that the monoidal products of and {C^)^ preserve reflexive 
coequalizers in the left (resp. right) variable. If the adjunction (FqFt,UtUq) is a 
left (resp. right) Hopf adjunction and T is a left (resp. right) Hopf monad, then Q 
is a left (resp. right) Hopf monad. 

Proof. Let us prove the left handed version. Denote by H', H'', and H"' the left Hopf 
operators of the adjunctions {Ft,Ut), {Fq,Uq), and {FqFt,UtUq) respectively. 
Assume that {FqFt,UtUq) is a left Hopf adjunction, that is H"' is invertible. 
Assume also that T is a left Hopf monad. By Theorem 12. 151 H' is invertible and it 
is enough to show that BH'' is also invertible. Let e be an arbitrary object of {C'^)'^ . 
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The natural transformation H'l ^ : Fq (? eg) C/ge) — > Fq ® e is invertible on the image 
of Ft, since H^^ ,^ = h'!'^^ Fqih^jj^i^^^)-^ by Lemma [2T71 Now let (M,r) be a 
T- module. The coequalizer 

FtT{M) r Ft(M) (M, r) 

FT(r) 

is reflexive because FT{r)FT{r]M) = id_Fy(M) = MMFr(?7M)- This reflexive coequal- 
izer is preserved by the functors Fq{7 (g) UQ{e)) and Fq (g) e, because Fg is a left 
adjoint and ? (g) UQ{e) and ? (g) e preserve reflexive coequalizers (by hypothesis). 
Hence H'^'j,^ ^ is invertible. □ 

4.4. Cross quotients. Let / : T — > F be a morphism of monads on a category C. 
We say that / is cross quotientable if the functor /* : — >■ C'^ is monadic. In that 
case, the monad of /* (on C^) is called the cross quotient of / and is denoted by 
F -H/ T or simply P ^T. Note that the comparison functor 



is then an isomorphism of categories (by the last assertion of Theorem 12. ip . 

Lemma 4.9 { |Lin69j ) . Let f : T ^ P be a morphism of monads on a category C. 
The following assertions are equivalent: 

(i) The morphism f is cross quotientable; 

(ii) The functor f* admits a left adjoint; 

(iii) For any T- module (Af, r), the reflexive pair 

P(r) 

FpTM j FpM 

VmPUm) 

admits a coequalizer FpM — J> G{M,r) in , where p is the product of P. 
If these conditions hold, a left adjoint f\ of f* is given by fi{M,r) — G{M,r). 

Proof. It results from Beck's theorem (see Theorem 12. ip that if U and V are com- 
posable functors such that both UV and U are monadic, then V is monadic if and 
only if it admits a left adjoint. Thus (i) is equivalent to (ii). 

Now let (Af , r) be a F- module and {N,p) be a F- module. The pair of Asser- 
tion (iii) is reflexive (since Fp{rjM) is a common retraction). Via the adjunction 
bijection 

Homcp(FpM, {N,p)) ~ Homc(Af, C/p(7V, p)) = Homc(Af,iV), 

morphisms FpM {N,p) which coequalize that pair correspond with F- linear 
morphisms {M,r) f*{N,p). Therefore (ii) is equivalent to (iii). We conclude 
using the last assertion of Theorem 12.11 □ 

Remark 4.10. A morphism /: F — )■ F of monads on C is cross quotientable 
whenever C admits coequalizers of reflexive pairs and F preserve them. 

A cross quotient of binionads is a bimonad: let / : F — > F be a cross quotientable 
morphism of bimonads on a monoidal category C. Since /* is strong monoidal, 
F / F is a bimonad on C'^ and the comparison functor K : — !• (C'^)^^i'^ is an 
isomorphism of monoidal categories. 

The cross quotient is inverse to the cross product in the following sense: 

Proposition 4.11. Let T be a (bi)monad on a (monoidal) category C. 
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(a) If T ^ P is a cross quotientable morphism of (bi)monads on C, then 

(P 41 T) X T ~ P 

as (hi)monads. 

(b) Let Q he a (hi)monad on such that UtUq is monadic. Then the unit of 
Q defines a cross quotientable morphism of (bi)monads T ^ Q yi T and 

{Q^T)-aT~Q 

as (bi)monads. 

Proof. Let us prove Part (a). Since ~ [C'^)^^'^, the functor Up^tUt is 
monadic. Hence an isomorphism ~ Q{P^T)yiT (nionoidal) categories over C, 
which induces an isomorphism (P -fi T) ><j P ~ P of (bi)monads on C. 

Let us prove Part (b). Set f = waT: P— >QxT, where u is the unit of Q. We 
have a commutative diagram of (monoidal) functors: 




where K is the comparison functor of the adjunction {FqFt, UtUq). Since K is 
a equivalence, the functor /* is monadic, with (bi)monad (Q x T) -H P. Hence K 
induces an isomorphism of (bi)monads [Q y\ T) ^ Q. □ 

Remark 4.12. Let P be a bimonad on a monoidal category C. Let BiMon(C"^)m 
be the full subcategory of BiMon(C-^) whose objects are monads Q on C'^ such that 
UtUq is monadic. Let P\BiMon(C)g be the full subcategory of P\BiMon(C) whose 
objects are quotientable morphisms of bimonads from P. Then the functor 

r BiMon(C^) ^ P\BiMon(C) 
\ Q ^ (Q^T^QxT) 

induces an equivalence of categories BiMon(C^),„ ~ P\BiMon(C)q, with quasi- 
inverse given by {T P) [P ^T). 

Under suitable exactness assumptions, if P and P are Hopf monads, so is P 41 P: 

Proposition 4.13. Let C be a monoidal category admitting reflexive coequalizers, 
and whose monoidal product preserves reflexive coequalizers in the left (resp. right) 
variable. Let T and P be two left (resp. right) Hopf monads on C which preserve 
reflexive coequalizers. Then any morphism of bimonads T ^ P is cross quotientable 
and P -^T is a left (resp. right) Hopf monad. 

Proof. Let us prove the left-handed version. The morphism / is cross quotientable 
by Remark 14.101 and so P ~ (P 4H/ P) x P as bimonads. The monoidal products 
of and preserve reflexive coequalizers in the left variable by Lemma 14.21 
Applying Lemma 14.81 to the bimonads P and P -H P, we get that P 4H P is a left 
Hopf monad. □ 

Example 4.14. Let f : L ^ H he a, morphism of Hopf algebras over a field k, so 
that H becomes a i-bimodule by setting i ■ h ■ i' — f{i)hf{£'). The morphism / 
induces a morphism of Hopf monads on Vectij : 
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which is cross quotientable, and is a k-linear Hopf monad on the 

monoidal category ^Mod given by H ®l N. This construction defines an 

equivalence of categories 

L\HopfAlgk ^ HopfMonk(i,Mod), 

where -L\HopfAlg||5 is the category of Hopf k- algebras under L and Hopfl\/[on^(LMod) 
is the category of k-linear Hopf monads on ^Mod. 

5. Hopf monads associated with Hopf algebras and bosonization 

Examples of Hopf monads may be obtained from Hopf algebras. For instance, 
any Hopf algebra A in a braided category B gives rise to Hopf monads A®1 and 1®A 
on S, see Example l2.10l More generally, any Hopf algebra [A, a) in the center Z{C) 
of a monoidal C gives rise to a Hopf monad A®„1 on C (see Section 1^751 or jBV09) 
for the autonomous case). Hopf monads of this form are called representable. The 
main result of this section asserts that a Hopf monad on a monoidal category is 
representable if and only if it is augmented, that is, endowed with a Hopf monad 
morphism from itself to the identity (see Theorem 15. 171) . 

More generally, given a Hopf monad T on C and a Hopf algebra (A, a) in the 
center Z{C^) of the category of T- modules, we construct a Hopf monad Ayi^rT on C 
of which r is a retract. Conversely, under suitable exactness conditions (involving 
reflexive coequalizers) , any Hopf monad P of which T is a retract is of the form 
A xia T for some Hopf algebra (A, <t) in Z{C^). 

5.1. Lax braidings, lax half-braidings and lax center. A lax braiding of a 
monoidal category C is a natural transformation 

T = {tx^y : X (g)Y -^Y (g) X}x,YeOh{c) 

satisfying: 

Tx,Y(giZ = (idy ® tx,z){tx,y ® idz), 
Tx(g,Y,z = {rx.z (8> idy)(idx ® ty,z), 
Tx,i ~ idx = Tt^x- 

A lax braided category is a monoidal category endowed with a lax braiding. A 
braiding is an invertible lax braiding, and a braided category is a monoidal category 
endowed with a braiding. 

Let C be a monoidal category and M an object of C. A lax half-braiding for M 
is a natural transformation a: M (g) Ig — Ic ® such that 

o-y®z = (idy ® cr^) (o-y ® idz) and cri = idji/. 

The pair (M, cr) is then called a lax half-braiding ofC. 

The lax center of C (see |SchOOi IDPS07| 1 is the lax braided category Z''*''(C) 
defined as follows. Objects of Z'^'^(C) are left half-braidings of C. A morphism 
in Z^'^^'iC) from (M, ct) to {M',a') is a morphism f : M M' in C such that: 
(idle ® f)cr = cr' {f ® idi^). The monoidal product and lax braiding r are: 

(M,cr)® (iV, 7) = (M (8) TV, (cr^idAr) (id Af® 7)) and T^M,a)XN,-~,) = (^n ■ 

A half braiding is a lax half braiding (M, a) such that a is invertible. The 
center ofC is the full monoidal subcategory Z{C) C Z^'^^{C) whose objects are half 
braidings of C. It is a braided category, with braiding induced by r. 

Note that if C is autonomous, lax half braidings are in fact half braiding, so that 
the lax center Z^'^^{C) coincides with the center Z{C). 
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5.2. Hopf algebras in lax braided categories. Let B be a lax braided category, 
with lax braiding r. A bialgebra in B is an object A of B endowed with an algebra 
structure (m, u) and a coalgebra structure (A, e) in B satisfying: 

Am — [m® m){idA ® ta,a ® idA)(A ® A), Aw = u®u, 

era = e (g) e, eu — id^. 

Bialgebras in B, together with morphisms of bialgebras (defined in the obvious 
way), form a category BiAlg(S). 

Let A be a bialgebra in B. An antipode of A is a morphism S: ^ — s- ^ in ;B such 
that: 

m{S (g) idA)A = ue = m{idA ® 5')A. 
If it exists, an antipode for A is unique, it satisfies: 

Sm ^ mTA,AiS ® S), Su^u, AS ^ {S ® S)ta,a^, eS = e, 

and we have: ta.a = (m m)(S' (g) Am g) S')(A (g) A). 

If ta,a is invertible, an opantipode of ^ is a morphism S' : A ^ A in B such 
that: 

rriT^^^iS' idA)A = we = mrj^ ^id^ (E) S')A. 
If it exists, an opantipode for A is unique. 

If TA.A is invertible, the bialgebra A admits an antipode and an opantipode if and 
only if it admits an invertible antipode, or equivalently, an invertible opantipode. 
When such is the case, the opantipode is the inverse of the antipode. 

Let ^ be a bialgebra on a lax braided category B, with lax half-braiding r. The 
fusion operator of A is the morphism 

A A 

H = (A ® m){A (g) A) = (^y^ : Aig) A^ A® A. 

A A 

The opfusion operator of A is the morphism 

A A 

H' = (m g) A){A (g) t_a,a)(A (g) A) = (\ta\ \ : A(g> A ^ A(g) A. 

A A 

Lemma 5.1. (a) The bialgebra A admits an antipode S if and only if its fusion 
operator H is invertible. If such is the case, 

S= {e(g)A)h-\A(gu), 

H"^ = (A g) m){A (g>S(g> A){A g) .4). 

(b) // TA^A is invertible, the bialgebra A admits an opantipode S' if and only if 
its opfusion operator H' is invertible. If such is the case, 

S' = {e(E)A)h'^\ug)A), 

H'"^ = T^^Ai^ ® g) A g) A){tX^^ g) A){A g) A). 

A Hopf algebra in a lax braided category B, with lax braiding t, is a bialgebra 
A in B admitting an invertible antipode and such that ta.a is invertible. Hopf 
algebras in B form a full subcategory of BiAlg(;B) denoted by HopfAlg(B). 

Remark 5.2. If B is a braided category, the mirror S of S is the braided cat- 
egory obtained when the braiding r of S is replaced by its mirror t (defined by 
Tx,Y = x)- If (^i "1, u, A, e) is a bialgebra in a braided category B, one defines 
a bialgebra A°p in B by setting A°p = (A, m°P, w. A, e), with rn°P = mT^\. We 
have (A°P)°P = A. An opantipode for A is an antipode for A°p. The bimonads 
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A(^l and ? (E) are isomorphic via ta,-. See |BV09[ Section 1.11 and Example 
2.3] for details. 

5.3. Hopf monads represented by central Hopf algebras. Let C be a monoidal 
category. A (lax) central algebra (resp. coalgebra, resp. hialgehra, resp. Hopf alge- 
bra) of C is an algebra (resp. coalgebra, resp. bialgebra, resp. Hopf algebra) in the 
(lax) center of C. 

Any lax central coalgebra [A, a) of C gives rise to a comonoidal cndofunctor of C, 
denoted by A®„1 , defined by A®1 as a functor and endowed with the comonoidal 
structure: 



A X A Y 

{A®MX, Y) = {A® ax)(A ®X)®Y^ \ \_^x \ 



{A®„1)^ = e 



A X Y 

where A and e denote the coproduct and counit of {A, a). 

For any lax central bialgebra (A, a) of C, the comonoidal endofunctor A®^! is a 
bimonad on C with monad structure given by: 

AX AX 

fix = m I® X = I and rix = u^Si X = ^ | , 

A A X X 

where m and u are the product and unit of A. Denote by ^Mod^ the monoidal 
category C^^" ' , that is, the category of left A- module (in C) with monoidal product 
(M, r) ® {N, s) = (M (g) N, w), where 

M N 



M N 

and monoidal unit (l,e). 

The bimonads of the form ACS)^? can be characterized as follows: 

Lemma 5.3. Let A be an object of C and consider the endofunctor T = A®1 of C. 
Let l:^: A A ® A and e : ^ 1 be morphisms in C and a : A®! — >? ® A be a 
natural transformation such that — id a ■ Set 

T2{X,Y) = {A(g>ax(E>Y){A(g)X(g,Y) and Tq ^ s. 

Then the following conditions are equivalent: 

(i) (r, T2,To) is a comonoidal endofunctor ofC; 

(ii) a is a lax half braiding for A and {A, a) is a coalgebra in Z^'^^{C) with 
coproduct A and counit e. 

Assume these equivalent conditions hold. Then T = A®crl as comonoidal functors. 
Furthermore, let m: A® A ^ A and u : 1 — > A &e morphisms in C and set: 

^ = m®l ■.T'^^T and = u®l -.Iq^T. 

Then the following conditions are equivalent: 

(iii) T is a bimonad with product pL, unit rj, and comonoidal structure (T2,Tq); 

(iv) {A, a) is a lax central bialgebra of C with product m, unit u, coproduct A, 
and counit e. 

Lf these equivalent conditions hold, T = A® ^7 as bimonads. 

Proof. The verification, lengthy but straightforward, is left to the reader. □ 
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Let {A, a) be a lax central bialgebra of C, that is, a bialgebra in Z^'^^{C). 
left and right fusion operators of the monad A(s^„7 are: 

A X A Y 



The 



H 



X y = (A (g) X (g) m){A (g) CTx (g ^)(A g) X (g) y4) (g) r 



HxY ^ {m^X A){A (g CTA<g,x)(A (g ^ g) X) (g F 



Proposition 5.4. Lei (A, it) be a lax central bialgebra in C 
corresponding bimonad on C. Then: 




? be the 



(a) 



(b) 



The following conditions are equivalent: 

(i) A^rjl is a left Hopf monad; 

(ii) ^(gcr? is a left pre-Hopf monad; 
(Hi) A admits an antipode; 
The following conditions are equivalent: 

(V) A®al is a right Hopf monad; 
(ii') y4cg(j? is a right pre-Hopf monad; 
( Hi ') a is invertible and A admits an opantipode. 

In particular, the bimonad ^(gcr? is a Hopf monad if and only i/^(gcr? is a pre-Hopf 
monad, if and only if {A, a) is a central Hopf algebra of C, that is, a Hopf algebra 
in the center Z{C). 

Remark 5.5. Let {A, a) be a central Hopf algebra of C and /iModo- be the monoidal 
category of left A- modules (with monoidal product induced by a). Then the full 
subcategory /imodo- C ytModcr of left A- modules (M, r) whose underling object M 
has a left and a right dual is autonomous. 

Remark 5.6. If ;B is a braided category, then its braiding r defines a fully faithful 
braided functor 

B Z{B) 

X ^ iX,Tx,^) 

which is a monoidal section of the forgetful functor Z{B) — > B. In particular if A 
is a bialgebra in B, then {A, ta.-) is a central bialgebra of B and we have 



? 



A(g)? = A®rA.^ 

as bimonads on B, where Ag)? is the bimonad constructed in Example l2.10l Also, if 
A is a bialgebra in B, then A°p is a bialgebra in the mirror B oi B (see Remark l5.2p . 
(A°P,TA,-) is a central bialgebra of B, where r is the mirror braiding of r, and 

?(gyl- A°P(g7^ _? 

as bimonads on B. Moreover A is a Hopf algebra in B if and only if {A, ta.-) is a 
central Hopf algebra of B, if and only if A®? is a Hopf monad on B, if and only if 
? (g is a Hopf monad on B. 



Proof of Proposition \5.4\ Let iJ' be the left fusion operator of T 
be the fusion operator of A. We have 



Y and H^ j^ 



A®^7 and H 
H. Thus 



the bimonad T is a left Hopf monad if and only if H[_ is an isomorphism, and 
T is a left pre-Hopf monad if and only if IH is an isomorphism. Hence (ii) is 
equivalent to (iii) since, by Lemma |5.1[ IH is invertible if and only if A admits an 
antipode. Assuming (iii) and denoting S the antipode of A, one verifies easily that 
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{A(g)X (g) m){A (E)ax <E) A){{A (g) S)A (g X (g A) is inverse to H'^^- Therefore (iii) 
implies (i). Hence Part (a) of the proposition, since (i) imphes (ii) is trivial 

Let us prove Part (b). Denote by the right fusion operator of T and H' 
the opfusion operator of A. Since y = i '<S> the bimonad T is a right 
Hopf monad if and only if it is a right pre-Hopf monad. Hence (i') is equivalent 
to (ii'). Moreover, we have: H'^^ -^ = {AiS>ax){^' <S>X). If (iii') holds, then a and H' 
are invertible by Lemma 15.11 and so ^ is an isomorphism. Hence (iii') implies 
(ii'). Conversely, if iJL is an isomorphism, then in particular H' = H''{1,1) is 
invertible, and A® a is invertible. Since 1 is a retract of A, this implies that cr is 
invertible. Hence (ii') implies (iii'). This completes the proof of Part (b). 

In particular T is a Hopf monad if and only if a is invertible and (A, a) admits an 
antipode and an opantipode, in other words, {A, a) is a Hopf algebra in Z{C). □ 

5.4. Characterization of representable Hopf monads. Let C be a monoidal 
category. A bimonad T on C is augmented if it is endowed with an augmentation, 
that is, a bimonad morphism e: T — Ic- 

Augmented bimonads on C form a category BiMon(C)/lc, whose objects are 
augmented bimonads on C, and morphisms between two augmented bimonads (T, e) 
and (T', e') are morphisms of bimonads f : T T' such that e'/ = e. 

If (A, cr) is a lax central bialgebra of C, the bimonad A®„1 (see Section 15. 3p 
is augmented, with augmentation e = £0?: A®„1 Ic, where e is the counit 
of {A,(j). Hence a functor BiAlg(Z'^''(C)) BiMon(C)/lc which, according to 
Proposition induces by restriction a functor 



where HopfMon(C)/lc denotes the category of augmented Hopf monads on C. 

Theorem 5.7. The functor is an equivalence of categories. 

In other words, Hopf monads representable by central Hopf algebras are nothing 
but augmented Hopf monads. Theorem 15.71 is proved in Section [5.61 

Remark 5.8. Hopf monads are not representable in general. A counterexample is 
given in |BV09j in terms of centralizers. Let T be a centralizable Hopf monad on 
an autonomous category C (see Example 14. 6p . In general the centralizer Zt of T is 
not representable by a Hopf algebra. For example, let C = G- vect be the category 
of finite-dimensional G- graded vector spaces over a field k for some finite group G. 
The identity Ic of C is centralizable and its centralizer Zi^ is representable if and 
only if G is abeUan (sec [BV0 9, Remark 9.2]). 

Hopf monads on a braided category B which are representable by Hopf algebras 
in B can also be characterized as follows: 

Corollary 5.9. Let T be a Hopf monad on a braided category B. Then T is 
isomorphic to the Hopf monad Ag)7 for some Hopf algebra A in B if and only if it 
is endowed with an augmentation e: T ^ Ic compatible with the braiding t of B in 
the following sense: 



The corollary is proved in Section [5.61 

Remark 5.10. Let T be a centralizable Hopf monad on a braided autonomous B 
(see Remark l5.8p . Then the centralizer Zt of T is representable by a Hopf algebra 




HopfAlg(Z(C)) ^ HopfMon(C)/lc 

(A, a) ^ {A^^l,e(gl) 



{ex T1)T2{X, 1) = {ex T1)tti,txT2{1, X) 



for all object X of B. 
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Ct = j^^'^ '^T{Y)®Y in B (see |BV09[ Theorem 8.4]). This representabihty result 
may be recovered from Coronarv l5.9[ observing that 

ex = / (evy ® X)Cr^Y x) : Zt{X) ~^ X 
defines an augmentation of Zt which is compatible with the braiding t of B. 

5.5. Bosonization. Let C be a monoidal category. Given a Hopf monad {T,fi,r]) 
on C and a central Hopf algebra (A, a) of C'^ (that is, a Hopf algebra in the center 
Z(C^) ofC^), set: 

As a cross product of Hopf monads, A x^- T is a Hopf monad on C (see Proposi- 
tion |431). Set A = {A, a), where A — Ut{^) and a is the T- action on A. As an 
endofunctor of C, A >ia T = A (g) T. The product p and unit w of A x^. T are: 

A TX 



^ /AY' 



Px 



fix 
I 



and 



wx 



T2{A,TX) 



T 



o 



A T{A0TX) 

The comonoidal structure of A x o- T is given by: 




x,T)2(x,y) 



Denoting by it and e the unit and counit of 
L^u(g)T: T ^ A»^T and 



and 



A r(i) 



A, cr), the morphisms 
7r:=e(K)T: Ax^T^^T 



are Hopf monads morphisms such that tti = idy. Hence T is a retract of / 
the category HopfMon(C) of Hopf monads on C. 



x^T in 



Example 5.11. Let T be a centralizable Hopf monad on a autonomous category C 
and Dt be the double of T (see Example [121) ■ If T is quasitriangular (see |BV07) V 
then is braided and T is a retract of Dt- In that case, the braided category 
admits a coend C, which is a Hopf algebra, and Dt = C x, 
braiding of . 



T where t is the 



Conversely, under exactness assumptions, a Hopf monad which admits T as a 
retract is of the form A x^-T for some central Hopf algebra (A, a) of C'^ . This results 
from the fact that augmented Hopf monads are representable, using the notion of 
cross quotient studied in Section l44l 



Corollary 5.12. Let P and T be Hopf monads on a monoidal category C such 
that T is a retract of P. Assume that reflexive coequalizers exist in C and are 
preserved by P and the monoidal product of C. Then there exists a central Hopf 
algebra (A, a) of C"^ and an isomorphism of Hopf monads P ~ A x^. T such that we 
have a commutative diagram of Hopf monads: 



P- = ^A x^T 
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Proof. Denote by / : T P and g: P ^ T the morphisms of Hopf monads making 
T a retract of P, that is, gf — idy- By assumption P preserves reflexive coequahzers 
and so, since T is a retract of P, the Hopf monad T preserves reflexive coequahzers 
too. By Lemma 14.21 reflexive coequahzers exist in C'^ and and are preserved by 
the monoidal product. By Proposition l4.13[ the crossed quotient P (relative to 
f : T ^ P) exists and is a Hopf monad on . On the other hand, by functoriality 
of the cross quotient (see Remark l4.12p . g: P T induces a morphism of bimonads 
g^T: P ^ T = Iqt . In other words the Hopf monad P -H T is augmented. 
By Theorem 15.71 there exists a Hopf algebra (A, cr) in -Z(C"^) such that P-hT = 
A(8)^?. By Proposition im P ^ (P ^ T) xi T ^ (A«)^?) x T = A (g)^ T as Hopf 
monads. The commutativity of the diagram is straightforward. □ 



Remark 5.13. Let _ff be a Hopf algebra over a field k, and A a Hopf algebra in 
the braided category of Yetter-Drinfeld modules ^yD. In that situation, Radford 
constructed a Hopf algebra A^H, known as Radford's biproduct, or Radford-Majid 
bosonization. Radford |Rad85) (see also |Maj94| ) showed that if iiT is a Hopf algebra 
on a field Ik and p is a projection of K, that is, an idempotent endomorphism of the 
Hopf algebra K, then K may be described as a biproduct as follows. Denote by H 
the image of p, which is a Hopf subalgebra of K. Then there exists a Hopf algebra 
A in such that K — A^H. Corollary 15.121 generalizes Radford's theorem. 

Indeed, in the situation of the theorem, the Hopf monad H^l is a retract of the 
Hopf monad if®? on Vectk. Hence, by Corollarv l5.121 there exists a Hopf algebra 
(A,cr) in Z(//Mod) such that = A yt^r (ff<8)?). Identifying the center of ijMod 
with the category of Yetter-Drinfeld modules, we view (A, a) as a Hopf algebra A 
in 'j^yV. Then K(g)7 = A x,, (iJ®?) A^I^H®! as Hopf monad, and so K = A#H. 

5.6. Regular augmentations. In this section we prove Theorem 15.71 and Corol- 
lary 15.91 using the notion of regular augmentation. 

Let T be a comonoidal endofunctor of a monoidal category C and e : T Ic be a 
comonoidal natural transformation. Define natural transformations u'^ : T ^ Tl (g)? 
and v" : T ^7 (g) Tl by: 

u'x = iTl(g,ex)T2{l,X) and v'x ^ [ex (E) Tl)T2{X,l). 

We say that e is left regular if u'^ is invertible. 
Lemma 5.14. Assume e is left regular and set 

a = v<=(u<=)-i : Tl®? ^? ® Tl. 

Then the natural transformation a is a lax half braiding in C and {Tl, a) is a 
lax central coalgebra of C with coproduct T2(l,l) and counit Tq. Furthermore the 
natural transformation u'^ : T Tl is a comonoidal isomorphism. 

Proof. By transport of structure, the endofunctor P = Tl ®? of C admits a unique 
comonoidal structure such that the natural isomorphism u'^ : T — > P is comonoidal, 
that is, 

Po4=To and P2{X,Y)u\^y = {u'x ® u'y)T2{XX)- 
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We have = Tq (since e is comonoidal) and so — idrt and v1 = idn. Hence 
Pq = PquI = To and at = v^{u'i)^^ = idri- Moreover, 

= (Tl ex ® Tl ® ey)T4(l, X, 1, Y) 

= (Tl (g)v'x(E) Y){T1 (g)TX(E) ey)T3(l, X, Y) 

= iTl(g)v''xu'x^ (E)Y)iTl(g)u'x^eY)T3{l,X,Y) 

= (Tl ^ax(E) Y){T1 Tl ® ex <8> ey)T4(l, 1, X, Y) 

= (Tl (g,ax(E> Y){T2{1, 1) [ex ey)T2(X, r))T2(l, X (g,Y) 

= (Tl (Tx 8) F)(T2(1, 1) (X) X ® >")ux<8.F (since e is comonoidal). 

Therefore P2(^, Y) = (Tl crx i^)(T2(l, 1) (g) X F) because is invertible. 
We conclude using Lemma [5751 □ 

Recall that an augmentation of a bimonad T on C is a morphism of bimonads 
from T to Ic- It is called left regular if it is left regular as a comonoidal natural 
transformation. 

Lemma 5.15. Let (T, r/) be an augmented bimonad on C. Assume its augmenta- 
tion e: T — )■ Ic is left regular. Then a — v'^{u'^)^^ is a lax half braiding for Tl and 
(TljCr) is a lax central bialgebra of C, with product m = ij,tiu^t)~^ ' ^ = 
coproduct T2(l, 1), and counit Tq. Moreover u'^ : T ^ Tl(8)o-? is an isomorphism of 
bimonads. 

Proof. By transport of structure, the endofunctor P = Tl (g)? of C admits a unique 
bimonad structure such that the natural transformation Ug : T — P is an isomor- 
phism of bimonads. In view of Lemmas 15.31 and I5.14[ it is enough to verify that 
the product /z' and unit r]' of P are given by fi' = ^i{u^^)~^®l and ry' ~ rji®l . 
Since u'^ is a morphism of monads, we have: 

-n'x = i^xVx = (Tl ® ex)T2(l, X)r)x = ??i ® exVx = ?7i Cg) X. 

Also, setting m — //i(m|,j^)^^, we have: 

A'xWTi»jfr(«^) = u'x^lx = {Tl®ex)T2{l,X)nx 

= {nt(E)extix)T^(l,X) 

= {mu'ri ® exT{ex))T2{Tl, TX)T{T2{1, X)) 
= (m (g) X)((T1 (g> eTi)T2(l, Tl) g) ex)T2(Tl, X)T{u'x) 
= (m g) X)(T1 g) eTi(5x)T2(l, Tl ® X)T(u3f ) 
= (mg)X)u^i(g^T(u5f), 
and so /i^ = m g) X since is invertible. □ 

Lemma 5.16. Let T be an augmented left pre-Hopf monad on C. Then its aug- 
mentation e: T — > Ic is left regular and {u'^)~^ = T{e)H[ t(Tl g) r]). 

Proof Let X be an object of C and set Oj. = T(ex)i?i7x(^l ® Vx)- We have: 

u'xO'x = (Tl®ex)T2(l,X)T(ex)i/l;i(Tl®77x) 

= (Tl (g exT(ex))T2(l, TX)ff^(Tl ® Tyx) 

= (Tl(gexA*x)T2(l,TX)i?i;;^(Tl(gr;x) 

= (Tl®exXx^frx(ri® Vx) 
= (Tl g) ex?7x) = idTi<»x 
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and 



ilxex)T2{t,X) 
= T{ex)Hlx{Tt®T(ex)TlTx)T2{l,X) 
= T{ex)T^{ex)H[-Tx{Tt® VTx)T2{t, X) 

® riTx)T2{t, X) 
= T{ex)H['^^iTl ® tJ-xVTx)T2{t, X) by Proposition HH 
= Tiex)H['xiTl®HxT{T]x))T2il,X) 
= T{ex)H[-xHlxnvx) = T{exVx) = idrx- 



induces an equivalence of categories from BiAlg(2^''^'^(C)) to the full subcategory of 
BiMon(C)/lc of augmented bimonads (T, e) such that e is left regular. 

Proof If {A, a) is a bialgebra in ^'^''(C), then e = £(g)?: A(g)^? ^ Ic is a left 
regular bimonad morphism (since u'^ = id^®?)- Therefore IH'^'' takes values in the 
full subcategory A C BiMon(C)/lc of augmented bimonads (T, e) such that e is left 
regular. Conversely, let (T, e) be an object of A. By Lemma [5.151 Tl is endowed 
with a half-braiding a and {Tl,a) is a bialgebra in Z{C). This construction is 
functorial, that is, gives rise to a functor 3: A ^ BiAlg(Z'^''(C)) defined on objects 
by 3(T, e) = {Tl,a = v'^u^~^) and on morphisms by 3{f) = ft- Moreover 3 is 
quasi-inverse to Indeed, for (T, e) in A, u'^ is an isomorphism from (T, e) to 

£H''^''a(T, e) and, for (A, a) in BiAlg(Zi'^'^(C)), we have 3m}''''{A, a) = {A, a). Hence 
the Theorem. □ 

Corollary 5.18. Let C be a monoidal category. The functor d^^^ induces equiva- 
lences of categories between: 

(a) Lax central left Hopf algebras of C and augmented left Hopf monads on C. 

(b) Central Hopf algebras of C and augmented Hopf monads on C. 

Moreover an augmented left (resp. right) pre-Hopf monad on C is in fact a left 
(resp. right) Hopf monad. 

Proof. Let (T, e) be an augmented bimonad such that T is a left pre-Hopf monad. 
Then e is left regular by Lemma [5. 161 By Theorem 15. 171 T is of the form Ai^^l for 
some bialgebra {A, a) in Z^^^{C). By Proposition 15. 4[ A admits an antipode, and 
T is in fact a left Hopf monad. Hence the first equivalence of categories. Moreover, 
by Proposition 15.41 T is a Hopf monad if and only if (A, a) is a Hopf algebra in 
Z{C). Hence the second equivalence of categories. □ 

Proof of Theorem \5. 7| The theorem is just Assertion (b) of Corollarv l5.18l □ 

Proof of Corollary \5. 91 By Theorem 15.71 the augmentation e: T — Ig defines a 
Hopf algebra {A = Tl,a) in Z{B) such that T ~ In view of Remark [5Jl 

the question is whether a = ta,-- Recall a — v'^{u'^)~^. Therefore ax — TA.x if and 
only if vj. = TA^xWx, that is, [ex <E> T1)T2{X, 1) = {ex ® Tl)TTt^TxT2{l, X). □ 



Hence is invertible with inverse 9'^. 



□ 



Theorem 5.17. Let C be a monoidal category. The functor 




BiAlg(Zi^''(C)) ^ BiMon(C)/lc 

[A, a) ^ {A®„7,e(S)7) 
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6. Induced coalgebras and Hope modules 

A cocommutative coalgebra of the center of a monoidal category V gives rise 
to a comonoidal comonad on T) and, under certain exactness assumptions, to a 
Hopf adjunction. On the other hand, we show that the comonoidal comonad of a 
pre-Hopf adjunction (i^ : C — >■ 2?, C/ : P — >■ C) is represented by its induced coalgebra, 
which is a cocommutative coalgebra of the categorical center of V. 

As an application, we obtain a structure theorem for Hopf modules over pre- 
Hopf monads on monoidal categories. It generalizes Sweedler's Theorem on the 
structure of Hopf modules over a Hopf algebra, and is an enhanced version of 
[BV071 Theorem 4.6] which concerns Hopf monads on autonomous categories. 

6.1. Prom cocommutative central coalgebras to Hopf adjunctions. Let V 

be a monoidal category and (C, A, e) be a coalgebra in V. Denote by ^Comod the 
category of left C-comodules in V. The forgetful functor V : cComod V has a 
right adjoint, the cofree comodule functor 

J 2? — > cComod 

\ X ^ (C (g) X, A (g) X) ■ 

The comonad (on V) of the adjunction {V,R) is T = (C(g)?, A(g)?, £(g)?). This 
adjunction is comonadic, since T- comodules are just left C- comodules. 

On the other hand, the monad T = RV (on cComod) of the adjunction (V, R) 
is defined by T(M, 5) = (C g) M, A « M) for any C- comodule (Af, 5), with product 
M(A/,5) — C ® e ® M and unit rj(^M,5) — S. In general the adjunction {V, R) is not 
monadic. 

Remark 6.1. The adjunction (V, R) is monadic if, for instance, T) admits reflexive 
coequalizers and C(X)? is conservative and preserves reflexive coequalizers. 

Now let (C, cr) be a lax central coalgebra of V, that is, a coalgebra in Z^'^^{C). 
Then the endofunctor C®? of V has both a comonad structure (because C is a 
coalgebra in V) and a comonoidal structure denoted by COo-? (see Lemma [573)) . 

A lax central coalgebra (C, a) is cocommutative if its coproduct A satisfies 
CTcA — A. We have: 

Lemma 6.2. Let (C, a) be a lax central coalgebra ofD. Then C®(jl is a comonoidal 
comonad if and only if (C, a) is cocommutative. 

Proof. One checks that the coproduct A®? of the comonad C(g)? is comonoidal if 
and only if ctcA = A, and that its counit e®? is always comonoidal. □ 

We say that a cocommutative lax central coalgebra (C, a) of T> is cotensorable if 
for each pair {AI,S), {N,6') of left C-comodules, the coreflexive pair 

M (g)N = j M®C®N 

M®S' 

admits an equalizer, denoted by M (g)^ N —i' M (g) N, and the endofunctor C(8)? 
preserves these equalizers. 

Let (C, cr) be a cotensorable cocommutative lax central coalgebra of V. Given 
two left C- comodules (M, 6) and {N, 6'), there exists a unique left coaction 5" of C 
on M (g)^ N such that the morphism M (g^ iV — >■ M eg is a comodule morphism 
{M(E)'^N,S") {M(g)N,S(g)N). The assignment {M,d) x {N,S') ^ {M(g>'^N,S") 
defines a functor: 

(g)p : cComod x cComod cComod. 
Then the category cComod of left C-comodules (in C) is monoidal, with monoidal 
product g)p and unit object (C, A). We denote this monoidal category by cComod"^. 
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The cofree comodule functor i?: P — > c'Comod'^ is strong monoidal, so that the 
comonadic adjunction {V, R) is comonoidal, with comonoidal comonad C®cr?- 

Lemma 6.3. Let V be a monoidal category admitting coreflexive equalizers which 
are preserved by the monoidal product. Let (C, cr) be a cocommutative central coalge- 
bra ofD. Then (C, ct) is cotensorable and the monoidal category c'Comod'^ admits 
coreflexive equalizers which are preserved by the monoidal product 0^ and the for- 
getful functor V : c'Comod'^ D. 

Proof. By standard diagram chase left to the reader. □ 

Theorem 6.4. Let V be a monoidal category and (C, a) be a cotensorable cocom- 
mutative lax central coalgebra ofD. Then the comonoidal adjunction 

{V: cComod'" X> cComod'") 

is a left Hopf adjunction, and its induced lax central coalgebra is (C, a) . Moreover, 
if a is invertible, {V, R) is a Hopf adjunction. 

Proof. Let d be an object of V and (M, 5) be a left C- comodule. Then the mor- 
phism fTM<5 ®d: M ® d ^ M ® C ® d is equalizer of the pair 

M®C®d — ^ M ®C ®C ®d . 

Hence an isomorphism M R{d) M ^ d which is the left fusion operator 
of the comonoidal adjunction {V,R). Similarly if a is invertible, the morphism 
(cr^^ M)(d® (5): d^M ^C®d®M is an equalizer of the pair 

(<Tc»d«iM)(A®d(giM) 

C ®d®M I C ®d®C ®M . 

Hence an isomorphism R{d) (E)q M d (g) M which is the right fusion operator of 
the comonoidal adjunction {V,R). □ 

6.2. Induced coalgebra and comonad of a comonoidal adjunction. Let C, 

T> be monoidal categories and (i^ : C — ?> 2?, C/ : P — ^ C) be a comonoidal adjunction, 
with adjunction unit rj: Ic ~^ UF and counit e: FU 1t>. 

Being comonoidal, F sends the trivial coalgebra 1 in C to a coalgebra C = F{1) 
in T>, with coproduct A = i^2(l, 1) and counit e — Fq, called the induced coalgebra 
of the comonoidal adjunction. 

The endofunctor T = FU of P is a comonoidal comonad, with coproduct 
F{r]u): f ^f"^ and counit e (see Section!^. 

In this situation we have three comonads on the category T), namely: 

• 1 ®C (with coproduct ? (g) A and counit ? (8) e); 

• C® ? (with coproduct A(8) ? and counit e® ?) ; 

• the (comonoidal) comonad T = FU of the adjunction (F, U). 

How are they related? 

Lemma 6.5. The Hopf operators H' and W define morphisms of comonads: 



f ^ C(g>? and Hl^^ : f ^? (g) (7. 
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Proof. The commutativity of the foUowing diagrams: 

Fr/ud 



FUd- 



F2{t,Ud) 



Ft 

Fl(S)d 



F2il,UdT 



F2(l.l)(g)FUd 

FUd ■ ^ Fl 



F2{l,l)(S>d 



FUFUd 

\F2{l,UFUd) 

Fl ® FUFUd 
Fl ® FUd 

|Fl®_F2(l,C/d) 

Fl (g) FUd 

\lFmFmea 

Fl (g) Fl ® (i 




which resuhs from the fact that the adjunction (F, U) is comonoidal, means that 



_ is a morphism of comonads. The proof for HI is similar. 



□ 



6.3. Prom Hopf adjunctions to cocommutative central coalgebras. In the 

case of a left pre- Hopf adjunction, the induced coalgebra is endowed with a canonical 
lax half braiding, making it a cocommutative lax central coalgebra which represents 
the induced comonoidal comonad: 

Theorem 6.6. Let {F : C ^ V^U : V ^ C) he a left pre-Hopf adjunction, with 
induced coalgebra C. Then: 

(a) The natural transformation a = HI ^H^i 1 : C*®? — (g) C is a lax half- 
braiding ofD such that, for any object c of C, the diagram: 



F2(l,c) 



Fc 



F2(c,l) 



C(g)Fc- 



■Fc(E)C 



is commutative. 

(b) {C, &) is a cocommutative lax central coalgebra ofD and H^ _ : T C®crl 
is an isomorphism of comonoidal comonads. 

Proof. Let {F,U) be a left pre-Hopf adjunction, so that H'i._ is invertible. Since 
U is strong monoidal, we identify C = F(l) and F(l) = FC/(1) as coalgebras in V. 
We apply Lemma 15.141 to the comonoidal endofunctor T oiV and the comonoidal 
morphism e: FU — > Ic. The natural transformations : FU — ?> FU{1)®1 and 
: FU — ?>? (g) FJ7(1) of the lemma are nothing but H^ _ and HI ^ respectively. 
Therefore u"^ — H^ _ being invertible, we conclude that a — v'^{u'^)^^ is a lax 
braiding on T) and (C, a) is a coalgebra in Z{T>) such that u'^ is a comonoidal 
isomorphism. Now, for any object c of C, we have 

^\.FcF{Vc) = F2{1, c) and H^,^iF(?7,) = F2(c, 1), 

from which the equality (Ti?c-p2(l, c) ~ F2(c, 1) follows directly. Hence Part (a). 
Applying this equality to d = 1 gives the cocommutativity of the coalgebra 



(C, (t), so that C®al is a comonoidal comonad by Lemma 
an isomorphism of comonoidal comonads, hence Part (b). 



Thus Hi 



u IS 
□ 



As a consequence, the comonoidal comonad of a pre-Hopf adjunction is canoni- 
cally represented by a cocommutative central coalgebra of the upper category. More 
precisely: 



Corollary 6.7. Let {F : C - 

coalgebra C . Then & = W_ 



T>,U : T> ^ C) be a pre-Hopf adjunction, with induced 
ij^H^ t is a half-braiding for C. Moreover {C,a) is a 
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cocommutative central coalgehra in P called the induced central coalgebra of the 
pre-Hopf adjunction (F, U). 

Proof. Since (F, U) is a pre-Hopf adjunction, the pre-Hopf operators W_ ^ and 
IHj _ are invertible. Thus a is invcrtible and the corollary follows then directly 



from Theorem 



□ 



Example 6.8. Let C be a monoidal category and {A^ a) be a Hopf algebra in Z{C), 
with product m, coproduct A, and counit e. Consider the Hopf monad T = A®iyl 
on C (see Proposition 15 .4^ . Recall ^Moda denotes the monoidal category C^®"' of 
left A- modules (in C), with monoidal product induced by a (see Section [O)) . The 
induced coalgebra C of A®^! is the left A- module C — {A, m), with coproduct A 
and counit e. Its associated half-braiding is given by 

M A 



O'A I 



C{M,r) 



A M 

for any left A- module (M, r). Then (C, a) is a cocommutative coalgebra in the 
center Z(yiModo-) of yiModo-. 

Proposition 6.9. Let {F : C ^ V,!/ : T> ^ C) be a comonadic pre-Hopf adjunction, 
with induced central coalgebra {C,(t). Assume that for all X,Y objects ofC, the 
morphism F2{X, Y) : F{X ®Y) ^ F{X) ® F{Y) is an equalizer of the coreflexive 
pair 

FX FY I FX (S) Ft® FY , 

FX(g)F2{l,Y) 

and these equalizers are preserved by the endofunctor F . Then the cocommu- 
tative central coalgebra (C, a) is cotensorable and the comparison functor 

K:C^ ^Comod* 

is a strong monoidal equivalence. In particular (F, U) is a Hopf adjunction. 

Proof. The cotensorability assumption means that for each pair (M, (5), {N,S') of 
left C- comodules, the coreflexive pair 

M ®N= j M(E)C(E)N 



admits an equalizer, and the cndofunctor C®? preserves these equalizers. Now 
recall that the comparison functor K is defined by K{X) = {FX, F2(l, X)) for X 
in C. If X is an object of C then by Theorem 16. 61 Part (a), we have crpxF2{t, X) = 
F2{X, 1). Since K is an equivalence, we conclude that {C, a) is cotensorable. More- 
over, we have K{X ®Y) ~ K{X) 0^ K{Y) so that K is a strong monoidal equiv- 



alence. By Theorem 16.41 {F, U) is a Hopf adjunction. 



□ 
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6.4. Descent. Let {T,^,rf) be a monad on a category C. Its adjunction {Ft,Ut) 
has unit rj: Ic ^ UtFt — T and has counit denoted by e: FtUt Ic'^ ■ Let T be 
the comonad of the adjunction {Ft, Ut), that is, T — FtUt on , with coproduct 
S = FrirjuT) and counit e. Denote by HiT) the category {C'^)f of T- comodules in 
the category of T- modules in C. Objects of H{T) are triples {B,r,p), where B is 
an object of C, r: TB — > B, and p: B ^ TB are morphisms in C, such that {B,r) 
is a T- module, that is, 

rT{r) — rfiB and rrjB = ids, 

and {B,p) is a T-comodule whose coaction is T- linear, that is, 

T{p)p = SbP, rp^ids, and pr ^ pbT{p). 

Morphisms in H(r) from {M, r, p) to {N, s, g) are morphisms / : M ^ N inC which 
are morphisms of T- modules and T- comodules: 

fr = sT{f) and T{f)p = gf. 
The comparison functor of the comonad T is the functor 

r C ^ niT) 

{ X ^ iTX,px,T7jx) ■ 

The question whether x is an equivalence is a descent problem. 

The coinvariant part of an object IB = {B,r,p) of H(T) is the equalizer of the 
coreflexive pair 

B irTB ■ 

p 

If the coinvariant part of B exists, it is denoted by is'- ^ B. We say that 
T admits coinvariant parts if any object of 'H(T) admits a coinvariant part. We 
say that T preserves coinvariant parts if, for any object IB of 'H(T) which admits 
a coinvariant part «b- ~> B, the morphism Tli^) is an equalizer of the pair 
{Tr]B,Tp). 

The following characterization of monads T for which x is an equivalence is a 
reformulation of |FM71[ Theo rem ll. 

Theorem 6.10. Let T be a monad on a category C. The following assertions are 
equivalent: 

(i) The functor x - C ^ 'H(T) is an equivalence of categories; 

(ii) T is conservative, admits coinvariant parts, and preserves coinvariant parts. 

If such is the case, the functor 'coinvariant part' E > Et is quasi-inverse to x- 

6.5. Hopf modules for pre-Hopf monads. Let T be a bimonad on a monoidal 
category C. The induced coalgebra of T, denoted by C, is the induced coalgebra 
of the comonoidal adjunction (Ft, Ut)- Explicitly C — {T{l),pi), with coproduct 
T2(l, 1) and counit Tq. Note that Ut{C) = T(l) is a coalgebra in C. 

A left Hopf T -module (as defined in [BV07) ) is a left C-comodule in , that is, 
a triple {AI,r,p) such that (M, r) is a T- module, {M,p) is a left T(l)- comodule, 
and 

pr^ipi(E)r)T2iTl,M)Tip). 

A morphism of Hopf T -modules between two left Hopf T-modules (M, r, p) and 
(TV, s, g) is a morphism of C-comodules in C"^, that is, a morphism /: AI — > in C 
such that 

fr = sT{f) and (idT(i) «> f)p - £»/• 
We denote by H^T) the category of left Hopf T-modules. 
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The coinvariant part of a left Hopf module IM — (Af , r, p) is the equahzer of the 
coreflexive pair 

M i T(l) (8) M . 

If it exists, it is denoted by \t^T■ We say that T preserves coinvariant parts of left 
Hopf modules if, whenever a left Hopf module IM — (M, r, p) admits a coinvariant 
part It: Y\t ^ M, then T^ir) is an equalizer of (T{r]t ® M),Tp). 

Theorem 6.11. Let T be a left pre-Hopf monad on a monoidal category C. The 
following assertions are equivalent: 

(i) The functor 

u. ( c ^ n'{T) 

^ ■ \ X ^ {TX,px,T2{t,X)) 

is an equivalence of categories; 

(ii) T is conservative, left Hopf T - modules admit coinvariant parts, and T pre- 
serves them. 

If these hold, the functor 'coinvariant part' IM t-^ IMt is quasi-inverse to f)'. 

Remark 6.12. Similarly, we define the category T-L^{T) of right Hopf T -modules. 
Since WiT) ^ -H'(r™P), Theorem [QTI holds also for right pre-Hopf monads and 
right Hopf modules (see Remark l2.11[) . 

Example 6.13. Let {A, a) be a central Hopf algebra in a monoidal category C, that 
is, a Hopf algebra in the center Z{C) of C. Consider the left Hopf monad T = A^a-'^ 
on C, see Proposition 15.41 A left Hopf module over A is left Hopf T- module, that 
is, a triple (M,r: A ig) M ^ M,p: M A ig) M) such that (A/,r) is a left A- 
module, (M, p) is a left A-comodule, and pr = {m ® r){idA ® (Ja® idM)(A ® p), 
where m is the product of A and A is coproduct of A. Assume now that C splits 
idempotents. Then the morphism r{S ®idM)p (where S denotes the antipode of A) 
is an idempotent oi A® M and its image is the coinvariant part of M. One verifies 
that T is conservative and preserves coinvariant parts. Applying Theorem 16.111 
we obtain the fundamental theorem of Hopf modules for central Hopf algebras. In 
view of Remark 15.61 we recover the fundamental decomposition theorem of Hopf 
modules for Hopf algebras in a braided category (see [BKLTOO] ) which, for the 
category of vector spaces over a field, is just Sweedler's classical theorem. For a 
detailed treatment of the case of Hopf algebras over a field, we refer to [BNlOl 
Examples 6.2 and 6.3]. 

Proof of Theorem \6.11\ Let T be the comonad of the adjunction {Ft, Ut) and C be 
the induced coalgebra of T. Since T is a left pre-Hopf monad, H ^ _ : T C®7 is an 
isomorphism of comonads by Lemma 16.51 It induces an isomorphism of categories 

n'T:n{T) = {C^)f^{C^)^^,^n\T) 

such that nipx — f)'. We conclude using Theorem 16. 101 □ 

6.6. Summary. In this section we summarize the relationships between Hopf mon- 
ads, Hopf adjunctions, and cocommutative central coalgebras. 

We have constructed several correspondences between these objects: 

• A Hopf adjunction {F: C — V,U : V C) gives rise to a Hopf monad 
Tn(F, U) ^ UF on C by Proposition 12.141 and to a cocommutative central 
coalgebra c(F, U) = (C, a) in V by Corollary ilTl 
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• A Hopf monad T on a monoidal category C defines a Hopf adjunction 

a(T) = (Ft : C ^ C^, Ut:C^^ C) 

by Theorem 

• A cotensorable cocommutative central coalgebra (C, a) on a monoidal cat- 
egory V yields a Hopf adjunction 

o(C,ct) = {U: cComod'" -^V,R:V ^ cComod'") 

by Theorem 16.41 

Hence the following triangle: 



Hopf adjunctions 




CO 



We have: 

• ma(T) = T; 

• am(F, U) ~ {F, U) if and only if the adjunction (F, U) is monadic; 
. co(C,a) = (C,a); 

• assuming c(F, U) is cotensorable, we have oc(F, U) ~ (F, [/) if the comonoidal 
adjunction {F,U) satisfies the conditions of Proposition [6791 

With suitable exactness assumption, we have in fact equivalences: 

Theorem 6.14. The following data are equivalent via the assignments a and c; 

(A) A Hopf monad T on a monoidal category C such that: 

• C admits reflexive coequalizers and coreflexive equalizers, and its monoidal 
product preserves coreflexive equalizers; 

• T is conservative and preserves reflexive coequalizers and coreflexive equal- 
izers; 

(B) A Hopf adjunction {F : C ^ V ,U : T) ^ C) such that: 

• C and V admit reflexive coequalizers and coreflexive equalizers, and their 
monoidal products preserve coreflexive equalizers; 

• F and U are conservative, U preserves reflexive coequalizers and F pre- 
serves coreflexive equalizers. 

(C) A cocommutative central coalgebra (C, cr) in a monoidal category T) such that: 

• V admits reflexive coequalizers and coreflexive equalizers, and its monoidal 
product preserves coreflexive equalizers (in particular the central coalgebra 
{C,a) is cotensorable); 

• the endofunctor C ®1 ofD is conservative and preserves reflexive coequal- 
izers. 

Moreover, a Hopf adjunction satisfying the conditions of (B) is a monadic and 
comonadic Hopf adjunction. 

Proof. Firstly, we show the equivalence of (A) and (B). Let T be a Hopf monad on 
a monoidal category C satisfying the conditions of (A). Then J7r, being the forgetful 
functor of a monad, preserves and creates limits and in particular equalizers. As 
a result, the monoidal category admits coreflexive equalizers and Ut preserves 
them. From this one deduces that, since the monoidal product of C preserves 
coreflexive equalizers, so does that of . Moreover, since T preserves reflexive 
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coequalizers, Ut creates and preserves them. Consequently: admits reflexive 
coequalizers, and Ft preserves reflexive coequalizers. The forgetful functor Ut 
is conservative, and since by assumption T — UtFt is conservative, so is Ft- 
Thus a(T) = {Ft,Ut) is a Hopf adjunction satisfying the conditions of (B), and 
we have mo(T) = T. Conversely, let {F, U) be a Hopf adjunction satisfying the 
conditions of (B). By adjunction F preserves colimits and U preserves limits. The 
Hopf monad T = Tn(F, U) = UF is conservative and preserves reflexive coequalizers 
and coreflexive equalizers, so that it satisfles the conditions of (A). Moreover by 
Beck's monadicity theorem, the adjunction [F^ U) is monadic, so am(i^, U) ~ (F, [/), 
hence the equivalence of (A) and (B). 

Secondly, we show the equivalence of (B) and (C). Let (C, a) be a cocommutative 
central comonad in a monoidal category T) satisfying the conditions of (C). Then 
(C, a) is cotensorable, and the adjunction 

o(C,ct) = {V: cComod'" -> D,i?: 2? cComod'^) 

is a Hopf adjunction. It is comonadic, with comonoidal comonad T = C^o-?. It is 
also monadic, see Remark WT\ Moreover the cotensor product (g)^ preserves core- 
flexive equalizer by Lemma 16.31 Thus the adjunction {V, R) satisfles the conditions 
of (B). We have co(C,a) = (C,ct). 

Let us prove conversely that if (F, U) is a Hopf adjunction satisfying the con- 
ditions of (B), then its induced central coalgebra (C, (t) = c{F,U) satisfies the 
conditions of (C) and oc(F, U) ~ {F, U) as Hopf adjunctions. We will need the 
following lemmas. 

Lemma 6.15. Let C be a category admitting coreflexive equalizers and let T be a 
conservative monad on C preserving coreflexive equalizers. Then for each object X 
of C, rjx is an equalizer of the pair (T{rix),r]Tx)- 

Proof. Let X be an object of C. Observe that T{rjx) is an equalizer of the coreflexive 
pair (T'^{r]x),T{rjTx))- Since T is conservative and C admits coreflexive equalizers 
preserved by T, rjx is an equalizer of the coreflexive pair {T^rjx), rjTx)- D 

Lemma 6.16. Let C be a monoidal category whose monoidal product preserves 
coreflexive equalizers in the left variable. Let T be a left Hopf monad on C which 
preserves coreflexive equalizers. Assume furthermore that for each object X of C, 
rjx is an equalizer of the pair {T(r]x),riTx)- Then for all objects X,Y of C, 
T2{X, Y) : T{X ® y) TX ® TY is an equalizer of the coreflexive pair 

T2{X,1)®T(Y) 

T{X) (g) T{Y) ; T{X) ® T(l) (g) T{Y) . 

T{X)®T2{l,Y) 

Proof. The following diagram: 

T{X ® Y) --^ T{X ® TY) i : T{X (g) T^Y) 

T{X(g,Tir,Y)) 
T2iX,l)i»TY 

T{X ® Y) ^ TX (g) TY r TX®Tt® TY, 

T2{X,Y) TX®T2(±,Y) 

is commutative (in the sense that the left square and the two right squares obtained 
by taking respectively the top and bottom arrow of each pair, are commutative); 
this results easily from Proposition 12.61 The top row is an equalizer because the 
endofunctor T{X®1) preserves coreflexive equalizers. Since is invertible, we 
conclude that the bottom row is exact, hence the lemma. □ 
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Now let T = UF be the Hopf monad of {F, U). Then T satisfies the hypotheses 
of Lemmas and [SIB so that for all objects X,Y oiC, T2{X,Y): T{X®Y) 
T(X) (g) T{Y) is an equalizer of the pair 

T2iX,l)<»T{Y) 

T{X) (g) T{Y) ; T{X) ® T(l) (g) T{Y) . 

T{X)®T2{l,Y) 

Moreover, the adjunction (F, U) is monadic. In particular the functor U creates 
and preserves equalizers; thus F2{X ® Y) is an equalizer of the pair 

F2{X,1)®F{Y) 

F{X) ® F{Y) ; F{X) (g> F{1) ® F(Y) . 

F(X)®F2(l,y) 

We may therefore apply Proposition 16.91 to the adjunction (F, U), and we conclude 
that the comparison functor C — !■ ^jComod'^ is a strong monoidal equivalence and 
c{F, U) satisfies the conditions of (C), hence oc{F, U) ~ {F, U) as Hopf adjunctions. 

□ 

7. Hopf algebroids and finite abelian tensor categories 

In this section, we study bialgebroids which, according to Szlachanyi [Szl03) , are 
linear bimonads on categories of bimodules admitting a right adjoint. A bialgebroid 
corresponds with a Hopf monad if and only if it is a Hopf algebroid in the sense 
of Schauenburg [SchOO] . We also use Hopf monads to prove that any finite tensor 
category is naturally equivalent (as a tensor category) to the category of finite- 
dimensional modules over some finite dimensional Hopf algebroid. 

7.1. Bialgebroids and bimonads. Let k be a commutative ring and i? be a 
k-algebra. Denote by ijModii the category of i?- bimodules. It is a monoidal cate- 
gory, with monoidal product (g)_R and unit object R. We identify i^Modi^, with the 
category ^cMod of left i?^- modules, where = R®tR°'^ . Hence a monoidal prod- 
uct Kl on /{eMod (corresponding to ®r on ^Modfl), with unit R (whose i?'^- action 
is [r ® r') ■ X = rxr'). 

li f : B — > yl is k-algebra morphism, we denote by jA the left B- module A 
with left action b ■ a = f{b)a, and by Af the right B- module A with right action 
a ■b = af{b). 

A left bialgebroid with base R (also called Takeuchi x i^-bialgebra) consists of 
data {A, s, t, A, e) where: 

• ^ is a k-algebra; 

• s: R A and t: i?°P A are k-algebra morphisms whose images in A 
commute. Hence a k-algebra morphism 

( R" ^ A 
^' \ r(Eir' i-> s{r)t{r') ' 

which gives rise to a i?*^- bimodule eAe- 

• {eA, A, e) is a coalgebra in the monoidal category (^cMod, H, R). 

In this situation the Takeuchi product A x ^ A C eA^ eA, defined by 

^ x_R A = fli 6, e eA H I Vr e i?, 2 a,t{r) 6, = ^ (g 6,s(r)} 

is a k-algebra, with product defined by (ag)6)(a'(g)6') = aa' ®bb' , and one requires: 

• A(A) (iAxrA] 

• I^: A ^ A X n A \s a. k-algebra morphism; 

• e{as{e{a'))) ^ e{aa') = e{at{e{a'))); 

• e(U) = Ij?,. 



42 



A. BRUGUIERES, S. LACK, AND A. VIRELIZIER 



The notion of left bialgebroid has a nice interpretation in terms of bimonads. A 
bialgebroid A with base R gives rise to an endofunctor of /jeMod ~ /jModi? : 

r fleMod fleMod 

The axioms of a left bialgebroid are such that Ta is a k-linear bimonad admitting 
a right adjoint. These properties characterize left bialgebroids: 

Theorem 7.1 ( |Szl03) ). Let "k be a ring and Rah- algebra. Via the correspondence 
A i-T- Ta, the following data are equivalent: 

(A) A left bialgebroid A with base R; 

(B) A k.- linear bimonad T on the monoidal category nModu ~ i^^Mod admitting 
a right adjoint. 

7.2. Hopf algebroids. We define a left, resp. right, (pre- )Hopf algebroid to be a 
bialgebroid A whose associated bimonad Ta is a left, resp. right, (pre- )Hopf monad. 
A (pre- )Hopf algebroid is a left and right (pre- )Hopf algebroid. 

Let A be a bialgebroid and Ta be its associated bimonad on /jMod^ ~ ^eMod. 
The fusion operators and H"^ of Ta are: 

jjl . f eAe (M M {eAe (gfle N)) ^ {eAe ®fle M) H {eAe (gfle N) 

\ a'Sim'S)biSin H' a(i) (g) to (g) a(2)6 (g n 

and 

eAe (gi?e ((,Ae (gfl. M) M N) ^ {eAe (gi?e M) K (e^e iV) 

a®b®m®n i-> a(i)6 g) to (g) a(2) (g n 

Using the fact that i?^ and i? are respectively a projective generator and the unit 
object of ijeMod, we obtain the following characterization of Hopf bialgebroids and 
pre-Hopf algebroids. 

Proposition 7.2. Let A be a bialgebroid with base R. Then: 

(a) The bialgebroid A is a left Hopf algebroid if and only if the R'^- linear map 

oAt®B'^tA eAMeA 

a (g 6 i-> 0(1) (g 0(2)6 

is bijective. 

(b) The bialgebroid A is a right Hopf algebroid if and only if the R'^- linear map 

eA, ®K sA ^ eAM eA 

a®b h-s- 0(1)6 g) 0(2) 

is bijective. 

(c) The bialgebroid A is a left pre-Hopf algebroid if and only if the R*^- linear 
map 

ffl^^ . I ®_Re eA ^ eAM eA 

" ' a (E) a' 0(i) g) a(2)o' 



Tjr 



Tjr 



is bijective, where 

eA = eAe ^fl^ R = A/{as{r) = at{r) \ a e A,r e R}. 

(d) The bialgebroid A is a right pre-Hopf algebroid if and only if the R*^- linear 
map and 

,Ae ®R' eA eA^eA 

a® a' H> 0(i)a'g)0(2) 
is bijective. 

Remark 7.3. The notion of x /j-Hopf algebra introduced by Schauenburg in |SchOO| 
coincides with our notion of left Hopf algebroid. 



TTT 
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Remark 7.4. The category fleMod is monoidal closed with internal Horns: 

[M, Nf = Homflop(^.M, ^.N) and [M, - }Ioijir{r.M, r.N). 

By Theorem 13.61 a left bialgebroid A with base i? is a Hopf algebroid if and only if 
it admits a left antipode 

s\j j^ : eAe M Hom/jop {^A^ (E)r. M, N) ^ RouiRap {M, ^Ae ®r- N) 

and a right antipode 

sjj^^jv : eAe M Homij(eAe ® R. M, N) Homfl(M, ^A^ ®r<> N). 

Remark 7.5. Let A be a pre- Hopf algebroid with base R. Since ^sMod is abelian, 
the bimonad Ta admits coinvariant parts. If A^ is a faithfully flat right W^- module, 
then Ta is conservative and preserves coinvariant parts. Thus, the Hopf module 
decomposition theorem (see Theorem 16. lip applies to (pre- ) Hopf algebroids which 
are faithfully flat on the right over the base ring. 

7.3. Existence of fibre functors for finite tensor categories. A tensor cate- 
gory over k is an autonomous category endowed with a structure of k-linear abelian 
category such that the monoidal product (8> is bilinear and End(l) = k. 

We say that a k-linear abelian category A is finite if it is k-linearly equivalent to 
the category Rvaod of finite-dimensional left modules over some finite-dimensional 
k-algebra R. Note that if .4 is a finite, then so is ^°p, since the functor 

J (_Rmod)°P fl;opmod 
\ N ^ Hom(Ar,k) 

is a k-linear equivalence. 

Theorem 7.6. LetC he a finite tensor category over a field h.. Then C is equivalent, 
as a tensor category, to the category of modules over a finite- dimensional left Hopf 
algebroid over k. 

We first state and prove an analogue of this theorem in terms of Hopf monads 
in a somewhat more general setting. Let C be a monoidal category. Recall that 
the category End(C) of endofunctors of C is strict monoidal with composition for 
monoidal product and Iq for monoidal unit. The functor 

J C ^ End(C) 

\ X ^ X(g)? 

is strong monoidal. 

Theorem 7.7. Let £ he a full monoidal subcategory o/ End(C) containing VL{C). 
Denote by lu : C £ the corestriction of fl to £. Then 

(a) // uj has a left adjoint J- , the adjunction {J- , u) is monadic, its monad 
T — ijjT is a bimonad on £ , and the comparison functor C £'^ is a 
monoidal equivalence. 

(b) // C is right autonomous, then uj has a left adjoint if and only if the coend 

J"(e) = j e{X)®X'^ 

exists for all e G Oh(£). In that case, the assignment e i— J-{e) defines a 
functor which is a left adjoint of uj, and the bimonad T ~ ljJ- is a right 
Hopf monad. 

(c) If C is autonomous and uj has a left adjoint J- , then the bimonad T = ujj- 
is a Hopf monad. 
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Proof. Assume w has a left adjoint J^. Then the adjunction (J-, w) is a comonoidal 
adjunction, so that the comparison functor K: C ^ £^ is strong monoidaL Besides, 
uj has a left quasi- inverse e H> e(l), and so satisfies conditions (a) and (b) of Beck's 
monadicity Theorem 12.11 so that the adjunction [J-, uj) is monadic and if is a 
monoidal equivalence. Hence Part (a). 

Assume C is right autonomous. For e £ Ob(f ) and X G Ob(C), we have a natural 
bijection between natural transformations e — > X®1 and dinatural transformations 
{e(F) ® — > ^} Ygob(c) • Therefore lo has a right adjoint if and only if the coends 
J-"(e) exist for any object e of £. Assume that such is the case. Then the assignment 
e I— 7> J-{e) gives a left adjoint of lo. For X G Ob(C) and e e Ob(f ), we have: 

J-{uj{X)oe)^ X ®e{Y)®Y'^ X ® I e{Y)®Y^^X®Te 

because X®1 has a right adjoint X^®1 and so preserves colimits. One checks that 
this isomorphism is the right Hopf operator Hg ^ : F{uj{X) o e) X ® !Fe of the 
adjunction {F, lu). Thus T is a right Hopf monad by Theorem l2.15l Hence Part (b). 

Finally assume that C is also left autonomous. Let X £ Ob(C) and e G Oh{£). 
Since the functor ^X®? is left adjoint to X®1 and the functor 1 ® X preserves 
colimits (because it has a right adjoint ? ® ^^), we have: 

rYec rYec 
F{eouj{X))= e{X®Y)®Y'^~ e{Y)®CX®YY 

rYeC 



e{Y) ®Y^ ®X ~Te®X. 

One checks that the composition of these isomorphisms is the left Hopf operator 
e • -^{^ ° '^(^)) ^ ® X of the adjunction (7^, a;). Therefore T is also a left 
Hopf monad by Theorem 12. 151 Hence Part (c). □ 

Proof of Theorem \ 7. 6] We apply Theorem 17.71 to a finite tensor category C over a 
field k. If ^ is a k- linear abelian category, we denote by End™ {A) the full monoidal 
subcategory of End(^) of k- linear endofunctors which admit a right adjoint. 

Set £ = End™(C). For X G Ob(C), the endofunctor X®1 is k- linear and has 
a right adjoint, namely X^ ®1 , so we have VliC) C £. Denoting by w: C ^ f the 
corestriction of to £, we have a commutative triangle of strong monoidal k- linear 
functors: 

C ^End(C) 



£' 

By assumption, there exists a finite dimensional k- algebra R and a k- linear 
equivalence T : C i^mod, with quasi- inverse T* of T, hence a k- linear strong 
monoidal equivalence: 

£ = End[°(C) ^ END[°(i^mod) 
E ^ ToEoT* 

Composing this with the well-known strong monoidal k- linear equivalence 

END[°(i?mod) flmodfl 
e 1-^ e{RR)j^ 

we obtain a k- linear strong monoidal equivalence 

8 : f — ?► uuiodu ~ ij^mod . 

In particular f is a finite k- linear abelian category. The category End(C) is abelian 
as a category of functors to an abelian category, is exact (the tensor product of C 
being exact in each variable), and the inclusion £ ^ End(C) is fully faithful, so 
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w is exact. It is a well-known fact that a right (resp. left) exact k- linear functor 
between finite k- linear abelian categories admits a left (resp. right) adjoint. Thus 
uj has a left adjoint F, as well as a right adjoint TZ. By Theorem 17.71 we conclude 
that the comonoidal adjunction {!F , uj) is monadic and its monad T — loJ- is a Hopf 
monad. Moreover T is k- linear and has a right adjoint loTZ. 

Now we transport T along the k- linear monoidal equivalence Q: 8 ^ ^modfl. 
Pick a quasi-inverse 9* of 8. The adjunction (J^8*,8a;) is a monadic Hopf ad- 
junction. Its monad T' is a k- linear Hopf monad on ^jmod^j with a right adjoint 
QujTZQ* . By Theorem l7.1l T is of the form Ta for some bialgebroid A with base i?, 
which is by definition a Hopf algebroid. Monadicity ensures that the comparison 
functor C — > (/jmodj^)"'" = ^^mod is a k- linear monoidal equivalence of categories. 
This concludes the proof of Theorem 17.61 □ 
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